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LOGARITHMIC MODELS FOR NON-DICRITICAL FOLIATIONS
FELIPE CANO AND NURIA CORRAL
Dedicated to Dominique Cerveau, with respect and admiration
Abstract. We show the existence of an essentially unique logarithmic model
for any germ of non-dicritical singular holomorphic foliation of codimension
one in (Cn, 0) without saddle-nodes.
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2 FELIPE CANO AND NURIA CORRAL
1. Introduction
This paper is devoted to show the existence and uniqueness of logarithmic models
for any holomorphic foliation on (Cn, 0) of generalized hypersurface type. In the
case of n = 2, this result has been obtained by N. Corral in [21]. The main result
is Theorem 3 in the last section of the paper. We state it as follows:
Theorem. Every generalized hypersurface on (Cn, 0) has a logarithmic model.
A germ L of singular codimension one foliation on (Cn, 0) is logarithmic when it
is given by a closed logarithmic 1-form
η =
s∑
i=1
λi
dfi
fi
, fi ∈ OCn,0.
In other words the foliation L has the multivaluated first integral fλ11 f
λ2
2 · · · f
λs
s .
Up to reduction of singularities of the germ of hypersurface
H = (f1f2 · · · fs = 0),
the transform of η is a global closed logarithmic 1-form and the total transform of
H has normal crossings. In this situation all the local holonomies are linear in terms
of the coordinates given by H . We can say that the holonomy of L is “globally
linearizable”. Of course this picture needs to be specified, mainly by asking that
we are not in a “dicritical” situation.
Roughly speaking, a “logarithmic model” for a codimension one foliation F
should be a logarithmic foliation L such that the local holonomies of L coincide
with the linear parts of the local holonomies of F . In this way, the logarithmic
model is an object that can be considered as “the linear part of the holonomy of
F” or, in some sense, a “holonomic initial part” of F .
The logarithmic models in ambient dimension two may be described in a more
precise way. We do it for foliations F on (C2, 0) without saddle nodes in their
reduction of singularities (hidden saddle nodes) and that are also “non-dicritical”,
in the sense that we encounter only invariant exceptional divisors in the sequence of
blowing-ups desingularizing F . We give the name generalized curves to such folia-
tions, following a terminology that comes from the foundational paper of Camacho,
Lins Neto and Sad [5]. In this situation, after desingularization, the foliation at a
singular point is given by a local 1-form
(λ+ · · · )ydx+ (µ+ · · · )xdy, λµ 6= 0, λ/µ /∈ Q≤0.
The quotient −λ/µ is the Camacho-Sad index of the foliation with respect to y = 0
and it also determines the coefficient of the linear part of the holonomy. Up to
multiply the 1-form by a scalar and to adapt the coordinates, a local logarithmic
foliation, having holonomy with the same linear part as F , is locally given by
λ
dx
x
+ µ
dy
y
.
This is the way we take for approaching a germ of generalized curve F on (C2, 0)
by a logarithmic foliation L:
A logarithmic foliation L is a logarithmic model for a generalized
curve F on (C2, 0) if it has the same invariant branches as F and
the same Camacho-Sad indices after reduction of singularities.
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This provides a precise definition. With no effort one realizes that the property is
independent of the chosen reduction of singularities; indeed, in dimension two we
have a well defined minimal reduction of singularities and any other one is obtained
by additional blowing-ups from it.
In the paper [21] there is a proof of the existence of logarithmic models in di-
mension two for any generalized curve. Logarithmic models in dimension two have
been particularly useful for describing the properties of the generic polar of a given
foliation, because the main Newton Polygon parts coincide for the foliation and the
logarithmic model, see [21]. Let us also note that some results in dimension two
may be stated in the dicritical case [12], anyway in this paper we consider always
the non-dicritical situation.
We have two possible ways for extending the concept of logarithmic models to
higher dimension. The first one is to use reduction of singularities as in the two-
dimensional case. Since we are considering generalized hypersurfaces, we know
the existence of reduction of singularities for our foliations, more precisely, any
reduction of singularities of the finite set of invariant hypersurfaces provides a
reduction of singularities of the foliation [24]. The second way is to perform two-
dimensional tests. It is known that certain properties in algebraic geometry are
tested by valuative criteria, for instance integral dependence, or properness. In the
theory of codimension one foliations, there are remarkable properties detected by
testing with a two-dimensional map. The existence of holomorphic first integral is
one of them, as exhibited in the paper of Mattei-Moussu [31]. The dicriticalness
and the existence of hidden-saddle nodes are also properties of this kind:
• Dicriticalness: A codimension one foliation F on (Cn, 0) is dicritical if
and only if there is a holomorphic map φ : (C2, 0) → (Cn, 0) such that
φ∗F = (dx = 0) and the image of y = 0 is invariant for F .
• Existence of hidden saddle nodes: A codimension one foliation F on (Cn, 0)
has a hidden saddle-node if there is a holomorphic map φ : (C2, 0)→ (Cn, 0)
such that φ∗F is a saddle-node.
When the foliation F is non-dicritical and without hidden saddle-nodes, we say that
F is a generalized hypersurface. In this context, we take a definition of logarithmic
model as follows:
Let F be a generalized hypersurface and consider a logarithmic
foliation L, both on (Cn, 0). We say that L is a logarithmic model
for F if and only if φ∗L is a logarithmic model for φ∗F , for any
holomorphic map φ : (C2, 0)→ (Cn, 0) such that φ∗F exists.
In this paper we show that the two above ways are confluent. The uniqueness
of logarithmic models is a consequence of the same result in dimension two. We
show the existence of logarithmic models for generalized hypersurfaces by working
throughout a particular reduction of singularities of the foliation F .
From the technical viewpoint, we develop the theory of logarithmic models in
terms of C-divisors. We introduce the concept of divisorial model and we state the
existence in the main technical result Theorem 3. There is a relationship between
C-divisors and logarithmic foliations, that provides the bridge between the divisorial
models and the logarithmic models as explained in the last Section 8.
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Consider a non-singular complex analytic space M . A C-divisor D on M is a
formal finite sum
D =
s∑
i=1
λiHi, 0 6= λi ∈ C,
where the Hi ⊂M are hypersurfaces. The support of the divisor is the union of the
hypersurfaces Hi. We can make the usual operations with C-divisors, in particular
the pull-back φ∗D under a holomorphic map φ : N → M , when the image is not
locally contained in the support of D. Working locally, if we take a reduced equation
fi = 0 of Hi, we can consider the closed logarithmic 1-form η given by
η =
s∑
i=1
λi
dfi
fi
.
The logarithmic foliation induced by η will be called D-logarithmic.
In dimension two, we give a proof of the existence of logarithmic model in terms
of C-divisors, that is divisorial models, in a more explicit way than in the paper
[21]. When the foliation F is desingularized, at a singular point we have exactly
two invariant curves, Γ1 and Γ2, given by the equations Γ1 = (x1 = 0) and Γ2 =
(x2 = 0). We know that the foliation is given by a differential 1-form ω as
ω = (λ1 + · · · )
dx1
x1
+ (λ2 + · · · )
dx2
x2
,
where −λi/λj are the Camacho-Sad indices. We say that the C-divisor
D = λ1Γ1 + λ2Γ2,
is a divisorial model for F . Of course, the logarithmic foliation L defined by
η = λ1dx1/x1 + λ2dx2/x2
fulfils the definition of being a logarithmic model for F . We pass to the general
case in dimension two through the stability under blowing-ups. More precisely, we
recover the general definition of Camacho-Sad indices for foliations in dimension two
(see [3] and [28]) and we establish a similar one for C-divisors. Both are compatible
with the blowing-ups and in this way we obtain logarithmic models once we have
proven the existence of divisorial models in Theorem 2.
The above arguments pass in higher dimension, hence we have a definition of
divisorial model that automatically gives a logarithmic foliation that is a logarithmic
model. In this way, the main difficulty in the paper is the proof of the existence
of a divisorial model for any generalized hypersurface F on (Cn, 0). We state this
result in Theorem 3 in Section 7.
The first sections are devoted to present the theory of C-divisors, the relation-
ship between C-divisors, closed logarithmic 1-forms and logarithmic foliations, the
dicriticalness condition for C-divisors and foliations, the property of being a general-
ized hypersurface, the existence of logarithmic models in dimension two throughout
the generalized Camacho-Sad indices, the reduction of singularities and the proper-
ties of generic equireduction and relative transversality that are useful in the final
proofs.
The proofs of the main results are given in Section 7. We first show the existence
of a C-divisor compatible with a given reduction of singularities in Theorem 4 and
finally we prove the main Theorem 3 on the existence of divisorial models.
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All the paper has been developed having in mind that a logarithmic model is a
foliation; anyway, from the technical view point, we have stated and prove results
in terms of divisorial models. In the last Section 8, we quickly summarize how the
existence and uniqueness results on divisorial models are translated to logarithmic
models. In this way, we obtain the proof of the main Theorem stated in this
Introduction.
2. C-Divisors
Let M be a non singular complex analytic variety. The space of generalized
divisors DivC(M), also called C-divisors, is defined to be the C-vector space having
as a basis the set of irreducible hypersurfaces of M . They have been introduced
in [12] for the purpose of describing logarithmic models of foliations in ambient
dimension two. Thus, a C-divisor D in M is a finite expression
D =
∑
H
λHH,
where H runs over the irreducible hypersurfaces of M and the coefficients λH are
complex numbers, such that only finitely many of them are nonzero. The support
Supp(D) of D is the union of the H such that λH 6= 0. We say that two nonzero
C-divisors D1,D2 ∈ DivC(M) with connected support are projectively equivalent if
and only if there is a nonnull scalar λ ∈ C∗ such that D2 = λD1. If the support
is not connected, we say that they are projectively equivalent when the condition
holds at each connected component of the support.
Consider a function f :M → C that is not constant at any connected component
of M . As usual, we define the divisor Div(f) by
Div(f) =
∑
H
µHH,
where µH 6= 0 if and only if H is an irreducible component of f = 0 and µH is the
multiplicity of a local reduced equation of H as a factor of f .
Let us consider a closed hypersurface S of M , not necessarily irreducible. Let
S = ∪si=1Hi be the decomposition of S into a union of irreducible components. The
divisor Div(S) is defined to be
Div(S) =
s∑
i=1
Hi.
In particular, if D =
∑
H λHH , we also have that D =
∑
H λH Div(H). This simple
remark allows us to define the restriction of a C-divisor to an open set U ⊂M , by
means of the formula
D|U =
∑
H
λH Div(H ∩ U).
In this way, we can also interpret the germ Dp at a point p ∈ M of a C-divisor D
in M as being a C-divisor on the germified space (M,p). Of course, these ones are
particular cases of the inverse image of a C-divisor by a morphism to be introduced
below.
Remark 1. Most of the complex analytic varieties in this paper are germs over
compact sets. In this case any hypersurface has only finitely many irreducible
components. Anyway, we consider only hypersurfaces with this property, even if
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we are in an analytic variety not necessarily a germ over a compact. The reader
will appreciate at each statement the limits of this implicit assumption.
Consider a morphism φ : N → M between connected non singular complex
analytic varieties and a hypersurface S ⊂M . We say that φ is S-transverse if and
only if the image of φ is not contained in S. In this case φ is H-transverse for any
irreducible component H of S and the inverse image is a hypersurface φ−1(H) ⊂ N .
When φ : N → M is H-transverse, we define the C-divisor φ∗(1 ·H) of N by the
following property: for any point q ∈ N the divisor φ∗(1 ·H) germified at q is equal
to Div(f ◦ φ), where f = 0 is a local reduced equation of H at φ(q).
Consider a C-divisor D =
∑
H λHH . We say that the morphism φ : N → M is
D-transverse if it is S-transverse where S = Supp(D). Otherwise, we say that φ is
D-invariant. When φ is D-transverse, the inverse image is defined by
φ∗D =
∑
H
λHφ
∗(1 ·H).
We are particularly interested in the case of blowing-ups π : M ′ → M with irre-
ducible non-singular center Y ⊂M . The blowing-up π being a surjective morphism
is D-transverse for any C-divisor D. The inverse image π∗D, or transform of D by
π, is given by
π∗D = µE +
∑
H
λHH
′, E = π−1(Y ), µ =
∑
H
νY (H)λH ,
where H ′ are the strict transforms of the irreducible hypersurfaces H ⊂ M and
νY (H) denotes the generic multiplicity of H along Y . The blowing-up π is said to
be D-admissible when Y ⊂ Supp(D). This is equivalent to say that∑
H⊂Supp(D)
νY (H) ≥ 1.
A D-admissible blowing-up π is called D-dicritical when
∑
H νY (H)λH = 0; that
is, the exceptional divisor E is not contained in the support of π∗D.
Remark 2. Let us recall that for any germ of function f ∈ OCn,0, the generic mul-
tiplicity νY (f) along Y ⊂ (C
n, 0) is defined to be the minimum of the multiplicity
of f at the points of Y near the origin (the multiplicity is an upper semi-continuous
function). The generic multiplicity νY (H) is the generic multiplicity along Y of a
reduced germ f , such that H is given by f = 0.
Remark 3. Let us consider two morphisms φ2 : N2 → N1 and φ1 : N1 →M and a
C-divisor D onM . If φ1◦φ2 is D-transverse, then φ1 is D-transverse, the morphism
φ2 is φ
∗
1D-transverse and
(φ1 ◦ φ2)
∗D = φ∗2(φ
∗
1D).
The converse is not true. It is possible to have that φ1 is D-transverse and φ2 is
φ∗1D-transverse, but φ1 ◦ φ2 is D-invariant. The typical example of this situation is
the inclusion
π−1(Y )
φ2
⊂ M ′
φ1
→M,
where φ1 is a D-dicritical blowing-up with center Y . The C-divisor φ∗2(φ
∗
1D) cannot
be obtained directly from π−1(Y ) → M (this phenomenon is an essential fact for
the transcendence of leaves of singular foliations studied in [13]).
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If no confusion arises, we write π : (M ′,D′)→ (M,D) to denote a D-transverse
holomorphic map π :M ′ →M , where D′ = π∗D.
The rest of this section is devoted to characterize the dicriticalness of a C-divisor.
We take the following definition, which is inspired in the corresponding one for
foliations:
Definition 1. Consider a C-divisor D on a non-singular complex analytic variety
M . We say that D is dicritical at a point p ∈ M if and only if there is a D-
transverse holomorphic map φ : (C2, 0)→M such that
φ(0) = p, φ(y = 0) ⊂ Supp(D), φ∗D = 0.
We say that D is dicritical if there is a point p ∈ M such that it is dicritical at p.
In a consonant way, we say that D is non-dicritical if and only if it is non-dicritical
at each point p ∈ M (in the case of germs (M,K) we ask the conditions for the
points p ∈ K).
Proposition 1. Consider a C-divisor D on M = (Cn, 0) and a non-dicritical
admissible blowing-up π : ((M,π−1(0)),D′) → ((Cn, 0),D). Then, the C-divisor D
is dicritical if and only if there is a point p′ ∈ π−1(0) such that D′ is dicritical at p.
Proof. Let us assume that D′ is dicritical at a point p′ ∈ π−1(0). Then, there is a
D′-transverse map φ′ : (C2, 0)→ (M ′, p′) such that
φ′
∗
D′ = 0, φ′(y = 0) ⊂ Supp(D′).
Since π is non-dicritical, we have that Supp(D′) = π−1(Supp(D)). This implies
that φ = π ◦ φ′ is also a D-transverse map and moreover, we have
φ(y = 0) ⊂ Supp(D), φ∗D = φ′
∗
D′ = 0.
Hence, the C-divisor D is dicritical.
Conversely, let us assume that D is dicritical. Consider a D-transverse map
φ : (C2, 0) → (Cn, 0), such that φ(y = 0) ⊂ SuppD and φ∗D = 0. In view of
Proposition 23 in the Appendix I, there is a morphism
σ : (N, σ−1(0))→ (C2, 0)
that is a composition of blowing-ups and a morphism ψ : (N, σ−1(0))→ (M,π−1(0))
such that π ◦ ψ = φ ◦ σ. Note that φ ◦ σ is D-transverse, since φ is D-transverse
and σ is a surjective map. By Remark 3, we have that ψ is π∗D-transverse and
0 = σ∗(φ∗D) = (φ ◦ σ)∗D = (π ◦ ψ)∗D = ψ∗(D′).
Now, let (Γ, q) ⊂ (N, q) be the strict transform of y = 0 by σ. We have that
π(ψ(Γ)) = φ(y = 0) ⊂ Supp(D). In other words
ψ(Γ) ⊂ π−1(Supp(D)) = Supp(D′).
Select local coordinates x′, y′ at q such that Γ = (y′ = 0) and let
φ′ : (N, q) = (C2, 0)→ (M,p), p = ψ(q),
be the map between germs induced by ψ. Thanks to φ′, we see that D′ is dicritical
at p. 
The following corollary is a direct consequence of Proposition 1:
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Corollary 1. Consider a morphism π : (M ′,D′)→ (M,D) that is the composition
of a sequence of non-dicritical admissible blowing-ups. Then, the C-divisor D is
dicritical in M if and only if D′ is dicritical in M ′.
Now, we characterize the dicriticalness in terms of admissible blowing-ups. We
start with the normal crossings case. We say that a C-divisor D on a complex
analytic varietyM has a non-negative resonance at a point p ∈M ∩Supp(D) if the
germ of the divisor is written
Dp =
s∑
i=1
λiHi, λi 6= 0 for i = 1, 2, . . . , s
and there is m = (m1,m2, . . . ,ms) ∈ Zs≥0, with m 6= 0 such that
(1)
s∑
i=1
miλi = 0, (m1,m2, . . . , ,ms) ∈ Z
s
≥0 \ {0}.
Lemma 1. Let (M,K) be a non-singular complex analytic variety that is a germ
over a compact subset K ⊂ M . Consider a C-divisor D in (M,K) whose support
has normal crossings. Assume that there is a point p ∈ K ∩ Supp(D) in which D
has a non-negative resonance. Then, there are morphisms π′ : (M ′,D′) → (M,D)
and π′′ : (M ′′,D′′) → (M ′,D′), such that π′ is the composition of a sequence of
non-dicritical admissible blowing-ups and π′′ is a dicritical admissible blowing-up.
Proof. This result, in another context, is proven in [23]. Let us give a quick idea of
a proof. Choose local coordinates (x1, x2, . . . , xn) at the origin such that
Hi = (xi = 0), i = 1, 2, . . . , s.
Up to a reordering, we assume that
∏t
i=1mi 6= 0 and mi = 0 for t+1 ≤ i ≤ s. We
proceed by induction on the lexicographical invariant (t, δ), where
δ = min
1≤i<j≤t
{mi +mj}.
Assume, up to a new reordering, that δ = m1 + m2 and m1 ≤ m2. Choose
Y = (x1 = x2 = 0) as a center of blowing-up. The first chart of this blowing-up
gives a morphism
φ : (Cn, 0)→ (Cn, 0)
defined by the equations x1 = x
′
1, x2 = x
′
1x
′
2 and xi = x
′
i for i = 3, 4, . . . , n. The
transform φ∗D is given at the origin of this chart by
φ∗D = (λ1 + λ2)E +
s∑
i=2
λiH
′
i,
where E = (x′1 = 0) and H
′
i = (x
′
i = 0) for i = 2, 3, . . . , s. If λ1 + λ2 = 0 we are
done, since then we have an admissible dicritical blowing-up. Otherwise, we obtain
a resonance
m′ = (m1,m2 −m1,m3, . . . ,ms)
and the invariant (t′, δ′) is strictly smaller than (t, δ). In spite of the local presen-
tation, the above procedure is in fact a global one. This ends the proof. 
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Proposition 2. Let us consider a C-divisor D on M = (Cn, 0). The C-divisor D
is dicritical if and only if there are morphisms
π′ : (M ′,D′)→ (M,D), π′′ : (M ′′,D′′)→ (M ′,D′),
such that π′ is the composition of a sequence of non-dicritical admissible blowing-ups
and π′′ is a dicritical admissible blowing-up.
Proof. Let us assume first the existence of π′, π′′ with the stated properties. Since
π′ is a composition of non-dicritical admissible blowing-ups, we have that
E′ ⊂ Supp(D′),
where E′ is the exceptional divisor of π′. Let Y ⊂M ′ be the center of π′′ and denote
π = π′ ◦ π′′. The exceptional divisor of π is E′′ = E˜ ∪D, where D = π′′−1(Y ) and
E˜ is the strict transform of E′ by π′′. Since π′′ is dicritical, we have that
E˜ ⊂ Supp(D′′), D 6⊂ Supp(D′′).
Take a point p ∈ D\Supp(D′′). Let us identify the germ (M ′′, p) with (Cn, 0), with
coordinates x1, x2, . . . , xn, where D is locally given at p by the equation xn = 0.
Consider the morphism
ψ : (C2, 0)→ (Cn, 0) = (M ′′, p) →֒M ′′
defined by x1 = x, xn = y and xi = 0, for 2 ≤ i ≤ n−1. We have that ψ(y = 0) ⊂ D
and Im(ψ) 6⊂ D. Since the support of D′′ is empty around p, we have that ψ∗D′′ = 0
and we also have
Im(ψ) 6⊂ D ∪ Supp(D′′) = E′′ ∪ Supp(D′′).
Noting that π−1(Supp(D)) = E˜ ∪ Supp(D′′), we conclude that φ is D-transverse,
where φ = π ◦ ψ. Then, we have
φ∗D = ψ∗(π∗D) = ψ∗(D′′) = 0, φ(y = 0) ⊂ π′(Y ) ⊂ Supp(D).
This implies that D is dicritical.
Assume now that D is dicritical. Let us perform a Hironaka reduction of singu-
larities of the support of D by means of admissible blowing-ups (see [2, 25]). We can
assume that none of the blowing-ups in the reduction of singularities is dicritical,
since then we are done. Hence, we have a morphism
π˜ : ((M˜, π˜−1(0)), D˜)→ ((Cn, 0),D)
that is a composition of non-dicritical admissible blowing-ups such that Supp(D˜)
has normal crossings. Now, in view of Lemma 1, it is enough to find a point p in
π˜−1(0) ∩ Supp(D˜) such that D˜ has a non-negative resonance at p.
By Proposition 1, there is a point p ∈ π˜−1(0) such that D˜p is dicritical. Then,
there is a D˜-transverse map
φ˜ : (C2, 0)→ (M˜, p)
such that φ˜∗D˜ = 0 and φ˜(y = 0) ⊂ Supp(D˜). Let us identify (M˜, p) with (Cn, 0)
by means of a choice of local coordinates x1, x2, . . . , xn at p such that
D˜p =
s∑
i=1
λiHi, Hi = (xi = 0), i = 1, 2, . . . , s.
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Put φ˜i = xi ◦ φ˜, for i = 1, 2, . . . , n. We know that φ˜i(0) = 0 for i = 1, 2, . . . , n and
that φ˜ℓ 6= 0, for 1 ≤ ℓ ≤ s. Let Γ ⊂ (C
2, 0) be an irreducible component of φ˜1 = 0,
that is νΓ(φ˜1) ≥ 1. The coefficient of Γ in φ˜∗D˜ = 0 is
s∑
i=1
λiνΓ(φ˜i) = 0.
This is the desired non-negative resonance. 
Remark 4. In other words, the C-divisor D is dicritical if and only if there is a
sequence of non-dicritical admissible blowing-ups that can be followed by a dicritical
admissible blowing-up.
The nonnegative resonances characterize dicriticalness in the case of normal
crossings support, as we show in the following result:
Corollary 2. Consider a C-divisor D =
∑s
i=1 λiHi on M = (C
n, 0) whose support
S = ∪si=1Hi has normal crossings. The following statements are equivalent:
(1) The C-divisor D is dicritical.
(2) There is a nonnegative resonance
∑s
i=1miλi = 0, with mi ≥ 0 not all zero
integer numbers.
Proof. See the second part of the proof of Proposition 2. 
3. Logarithmic Foliations and Dicriticalness
Let F be a codimension one singular holomorphic foliation on a non-singular
complex analytic variety M . Given a point p ∈ M , we recall that the germ of
F at p is generated by an integrable meromorphic germ η of differential 1-form.
Moreover two such differential 1-forms η and η′ generate the same germ of foliation
if and only if η′ = φη, where φ is the germ at p of a meromorphic function.
We recall from [35] that a meromorphic germ of differential 1-form η at a point
p ∈M is logarithmic when both η and dη have at most simple poles. The set Pol(η)
of poles of a meromorphic differential 1-form η is the hypersurface g = 0, where gη
is holomorphic and g divides any other g′ such that g′η is holomorphic; the poles
are simple when we can take g to be reduced.
Remark 5. Assume that F is a germ of foliation on (Cn, 0) locally generated by
a germ of holomorphic integrable 1-form ω, without common factors in its coeffi-
cients. Let f = 0 be a reduced equation for a (maybe non-irreducible) invariant
hypersurface of F ; this means that f divides df ∧ω. Then, the meromorphic 1-form
ω/f is logarithmic. Indeed, we have that
d(ω/f) = (1/f) (−(df ∧ ω)/f + dω)
and hence fd(ω/f) is holomorphic.
The following result is well known:
Proposition 3. Let η be the germ of a closed logarithmic 1-form on (Cn, 0). There
is a multivaluated function F such that η = dF/F . More precisely, if we decompose
the set of poles as a union Pol(η) = ∪si=1Hi of irreducible hypersurfaces, there are
λi 6= 0 and reduced local equations fi = 0 for each Hi such that
η =
s∑
i=1
λi
dfi
fi
.
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Moreover, the coefficients λi are unique. In the case that Pol(η) = ∅ and hence η
is holomorphic, the statement must be interpreted by saying that there is a unit U
such that η = dU/U .
Proof. (See [20, 35]) If η is holomorphic, by Poincare´ Lemma, there is a holomorphic
function G such that η = dG, taking U = exp(G), we have that η = dU/U . We
know that the residue of η along Hi is non zero and constant (see (2.6) and the
proof of Theorem (2.9) in [35]), let us call λi ∈ C this residue. Taking local reduced
equations gi = 0 of Hi we have that
α = η −
s∑
i=1
λi
dgi
gi
is a closed logarithmic differential 1-form without residues. Hence (1/λ1)α is a
closed holomorphic 1-form and thus (1/λ1)α = dU/U , where U is a unit. Put
f1 = Ug1 and fi = gi, for i = 2, 3, . . . , s. We conclude that η =
∑s
i=1 λidfi/fi. 
Given a closed logarithmic differential 1-form η on M , we attach to it the C-
divisor Div η given by
Div η =
∑
H
λHH,
where λH = ResH(η) is the residue of η along H , that we know to be constant by
[35]. When D = Div(η), we say that the closed 1-form η is D-logarithmic .
Definition 2. A codimension one singular holomorphic foliation F on M is D-
logarithmic when it is locally generated by a closed D-logarithmic differential 1-form.
Let us note that Div(µη) = µDiv(η), when µ ∈ C. Thus, if F is D-logarithmic
and D′ is a C-divisor projectively equivalent to D, then F is also D′-logarithmic.
Remark 6. If F is a D-logarithmic foliation, the irreducible components of the
support of D are invariant for F . This may be verified locally, assuming that
η =
∑s
i=1 λidfi/fi generates F . We have that fi does not divide the coefficients of
the holomorphic 1-form ω = fη, where f =
∏s
i=1 fi, indeed fi does not divide dfi,
since fi is reduced; in this situation, we have only to verify that fi divides dfi ∧ ω,
and this condition is visible.
Remark 7. Consider the radial foliation R on (C2, 0) defined by ω = 0 where
ω = ydx− xdy. Note that R is defined both by η0 and η1, where
η0 =
dx
x
−
dy
y
, η1 =
d(x + y)
x+ y
−
d(x− y)
x− y
.
Put H01 = (x = 0), H
0
2 = (y = 0), H
1
1 = (x + y = 0) and H
1
2 = (x − y = 0). The
C-divisors
Div(η0) = H
0
1 −H
0
2 , Div(η1) = H
1
1 −H
1
2
are different and not proportional. Hence a codimension one foliation can be loga-
rithmic with respect to several non projectively equivalent C-divisors.
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3.1. Dicriticalness. The word dicritical comes from ancient works of Autom, fol-
lowing Mattei [20]. The general definition of dicritical foliation, suggested by D.
Cerveau, may be found in [16]:
Definition 3. Let F be a codimension one holomorphic foliation on a non-singular
complex analytic variety M . We say that F is dicritical at a point p ∈ M if and
only if there is a holomorphic map
φ : (C2, 0)→ (M,p)
such that φ∗F = (dx = 0) and φ(y = 0) is invariant for F . We say that F is
dicritical if there is a point p such that it is dicritical at p. When M is a germ
(M,K) over a compact set K ⊂M , we ask the condition just for the points in K.
As in the case of C-divisors, we adopt the notation
π : (M ′,F ′)→ (M,F)
to indicate a morphism π : M ′ → M , a foliation F on M and the transform
F ′ = π∗F . When π is a blowing-up with non-singular center Y , we say that π is
F-admissible if the center Y is invariant for F , we say that π is a dicritical blowing-
up if the exceptional divisor π−1(Y ) is not invariant for F ′ and it is non-dicritical
when the exceptional divisor is invariant for F ′.
Proposition 4. Let F be a codimension one singular foliation on (Cn, 0) and
assume that Y is a non-singular invariant subvariety of (Cn, 0). If the blowing-up
π : ((M,π−1(0)),F ′)→ ((Cn, 0),F)
centered at Y is a dicritical blowing-up, then F is a dicritical foliation.
Proof. Choose a point p ∈ E = π−1(Y ) and consider local coordinates x1, x2, . . . , xn
at p such that E = (x1 = 0) and x1 = x2 = . . . = xn−1 = 0 is not invariant for
F ′. This is possible, since not all the non-singular branches through p contained
in E are invariant for F ′ (this should imply that E itself is invariant). Now, let
ψ : (C2, 0)→ (M,p) →֒ (M,π−1(0)) be the map given by
x1 ◦ ψ = v, xn ◦ ψ = u, xi ◦ ψ = 0, i = 2, 3, . . . , n− 1,
where u, v are local coordinates in (C2, 0). We know that Γ = (v = 0) is not
invariant for ψ∗F ′. Let σ : (C2, 0) → (C2, 0) be the composition of a sequence
of local blowing-ups following the infinitely near points of Γ such that the strict
transform of Γ is y = 0 and σ∗(ψ∗F ′) is the foliation dx = 0. This is possible, since
we do the reduction of singularities both of Γ and ψ∗F ′. We end by considering
φ = π ◦ ψ ◦ σ, where φ∗(F) = (dx = 0) and φ(y = 0) ⊂ Y is invariant. 
Remark 8. When M has dimension two, we have that F is dicritical at p if and
only if there are infinitely many germs of invariant branches of F at p and this is also
equivalent to say that we can find a sequence of blowing-ups ended by a dicritical
one. This property is the classical definition of dicritical foliation in dimension
two. Nevertheless, the direct generalization to higher dimension is not evident, as
Jouanolou’s example [26] show: a germ of foliation F in (C3, 0) without invariant
surface, but such that the blowing-up of the origin is dicritical. See [10, 11] for
more details.
Proposition 5. Let π : (M ′,F ′)→ (M,F) be an admissible non-dicritical blowing-
up. Then F is a dicritical foliation if and only if F ′ is so.
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Proof. Assume that F ′ is dicritical. Take a holomorphic map φ′ : (C2, 0) → M ′
such that φ′
∗F ′ = (dx = 0) and φ′(y = 0) ⊂M ′ is invariant. Put φ = π ◦ φ′. Since
π is non dicritical, we have that
φ∗F = φ′
∗
(π∗F)
(the non-dicriticalness of π is necessary here, see the Remark 9 below) and moreover
φ(y = 0) = π(φ′(y = 0)) is invariant. Hence F is also a dicritical foliation.
Conversely, let us assume that F is dicritical and take a holomorphic map
φ : (C2, 0)→M
such that φ∗F = (dx = 0) and φ(y = 0) is invariant for F . In view of Proposition
23 in the Appendix I, there is a commutative diagram of morphisms
(C2, 0)
σ
←− N
φ ↓ ↓ ψ
M
π
←− M ′
,
where σ is the composition of a finite sequence of blowing-ups. Let (Γ′, p′) be the
strict transform of (y = 0) by σ. We know that there are local coordinates u, v at
p′ such that Γ′ = (v = 0) and σ∗(dx = 0) = (du = 0). Note that
(φ ◦ σ)∗F = (π ◦ ψ)∗F .
Since π is non-dicritical, we have that (π ◦ ψ)∗F = ψ∗F ′. Moreover, since σ is a
sequence of blowing-ups centered at points, we have that
(φ ◦ σ)∗F = σ∗(φ∗F) = (du = 0).
Hence ψ∗F ′ = (du = 0) and F ′ is a dicritical foliation. 
Remark 9. Let F be a codimension one singular foliation of M and consider two
morphisms φ : M ′ → M and ψ : M ′′ → M ′. The foliation φ∗F is defined locally
by the pullback φ∗ω of a differential 1-form ω defining F . The pull-back foliation
φ∗F exists, or is defined, if and only if φ∗ω 6= 0, when ω is chosen to be without
common factors in its coefficients. When (φ ◦ ψ)∗F , φ∗F and ψ∗(φ∗F) exist, we
have that
(φ ◦ ψ)∗F = ψ∗(φ∗F),
but it is possible for φ∗F and ψ∗(φ∗F) to be well defined, whereas (φ ◦ ψ)∗F does
not exist. An important case of this situation is the immersion ψ : M ′′ → M ′ of
the exceptional divisor of a dicritical blowing-up φ :M ′ →M , see [13].
Anyway, when φ is a non-dicritical blowing-up, and hence the exceptional divisor
is invariant for φ∗F , we have that φ∗F exists (this is always true because a blowing-
up is an isomorphism in a dense open set) and moreover ψ∗(φ∗F) is defined if and
only if (φ ◦ ψ)∗F is defined; hence we have the equality.
On the other hand, when ψ is a blowing-up or a sequence of blowing-ups, we
also have that φ∗F is defined if and only if (φ ◦ ψ)∗F is defined and, if this is the
case, we also have that (φ ◦ ψ)∗F = ψ∗(φ∗F).
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3.2. Non-dicritical Logarithmic Foliations. In this Subsection we relate the
non-dicriticalness of a D-logarithmic foliation with the same property for the C-
divisor D.
Lemma 2. Let F be a D-logarithmic foliation. Assume that π : (M ′,D′)→ (M,D)
is a non-dicritical D-admissible blowing-up. Then π : (M ′,F ′) → (M,F) is an
admissible non-dicritical blowing-up and F ′ is D′-logarithmic.
Proof. Let Y be the center of π. We know that Y ⊂ Supp(D) and hence Y is
F -invariant, since the support is F -invariant, in view of Remark 6. Then π is
F -admissible. Put D =
∑s
i=1 λiHi and assume that F is generated by
η =
s∑
i=1
λi
dfi
fi
,
where fi = 0 is a reduced local equation of Hi for i = 1, 2, . . . , s. Then F ′ is
generated by π∗η, where
π∗η =
s∑
i=1
λi
d(fi ◦ π)
fi ◦ π
.
Moreover, we have that
D′ = π∗D =
s∑
i=1
λiπ
∗(1 ·Hi) = µE +
s∑
i=1
λiH
′
i,
where E = π−1(Y ), µ =
∑s
i=1 λiνi, with νi = νY (Hi) and H
′
i stands for the strict
transform of Hi. By hypothesis, we have that µ 6= 0. We can do the necessary
verifications locally at the points in E. Take one such q ∈ E and let h = 0 be a
local reduced equation of E at q. We have that
fi ◦ π = h
νif ′i ,
where f ′i = 0 is a local reduced equation for the strict transform H
′
i of Hi at q. Let
us show that π∗η can be written as
(2) π∗η = µ
dh′
h′
+
∑
q∈H′
i
λi
df ′i
f ′i
,
where h′ = 0 is a reduced local equation of π−1(Y ) at q. Recalling that µ 6= 0,
we see that π−1(Y ) is invariant for F ′ and hence π : (M ′,F ′) → (M,F) is non
dicritical; moreover Equation 2 also shows that F ′ is D-logarithmic.
It remains to find h′ satisfying Equation 2. Note that f ′i is a unit if and only if
q /∈ H ′i. In this situation, there is a unit U such that
µ
dU
U
=
∑
q/∈H′
i
λi
df ′i
f ′i
.
Now, it is enough to take h′ = Uh. 
Remark 10. It is possible to have a dicritical D-admissible blowing-up
π : (M ′,D′)→ (M,D)
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and a D-logarithmic foliation F such that π induces a non-dicritical admissible
blowing-up π : (M ′,F ′) → (M,F). The following example may be found in [12]:
take the foliation F on (C2, 0) given by η = 0 where
η =
d(y − x2)
y − x2
−
d(y + x2)
y + x2
.
Then F is D-logarithmic for D = (y−x2 = 0)−(y+x2 = 0). Note that F is also D1-
logarithmic, where D1 = (y = 0)− 2(x = 0). The first blowing-up π is D-dicritical,
but the exceptional divisor is invariant for the transformed foliation. Anyway, we
know that in ambient dimension two, this situation implies that F is actually a
dicritical foliation, although the blowing-up π could be non dicritical. In general,
it is an open question to know if given a logarithmic foliation F there is a C-divisor
that “faithfully” represents the dicriticalness of the foliation, for instance in terms
of blowing-ups. In this paper, we concentrate ourselves in the non-dicritical case.
Proposition 6. Let F be a D-logarithmic foliation, where D is non dicritical and
take a point p ∈ Supp(D). The only irreducible germs of hypersurface at p invariant
for F are the irreducible components of the germ at p of support of D.
Proof. (See also [20]). We can assume that M = (Cn, 0), 0 6= D =
∑s
i=1 λiHi and
F is generated by
η =
s∑
i=1
λi
dfi
fi
,
where fi = 0 are reduced equations of Hi, for i = 1, 2, . . . , s. By Remark 6, we
already know that each Hi is invariant for F . Let us suppose now that S, given
by g = 0, is another germ of irreducible hypersurface invariant for F . Up to make
a desingularization of the support of D and by choosing a point where the strict
transform of S intersects the exceptional divisor, we restrict ourselves to the case
when the Hi are coordinate hyperplanes. There is at least one of the components
of the support, because of the non dicriticalness of D, that makes us to add each
time we blow-up the exceptional divisor to the support of D. Then, we can assume
that
η =
s∑
i=1
λi
dxi
xi
.
The non-dicriticalness of D implies in this situation that
∑s
i=1miλi 6= 0 for any
0 6= m ∈ Zs≥0, in view of Lemma 1. By the curve selection lemma, there is a
parameterized curve
γ : t 7→ (γi(t))
n
i=1
contained in S and not contained in the support
∏s
i=1 xi = 0, in particular γi(t) 6= 0,
for any i = 1, 2, . . . , s. Let us write
γi(t) = µimit
mi + µi,mi+1t
mi+1 + · · · , µimi 6= 0, i = 1, 2, . . . , s.
Since S is invariant, we have that γ∗η = 0. Looking at the residue of γ∗η, we have
that
s∑
i=1
miλi = 0.
This is not possible. 
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Corollary 3. Let F be a D-logarithmic foliation, where D is non dicritical. Then
F is also non dicritical. Moreover, if F is D′-logarithmic, then D′ and D are
projectively equivalent C-divisors.
Proof. Let us desingularize SuppD by means of non-dicritical admissible blowing-
ups. Note that, by Lemma 2, the above blowing ups are non-dicritical for F .
Invoking Proposition 5, we reduce the problem to the case when Supp(D) has
normal crossings. Now, if F is dicritical we get a nonnegative resonance in the
coefficients of D and hence D should be dicritical, by Lemma 1.
We can also do the above reduction in order to prove the second part of the
statement. Assume thus that Supp(D) has normal crossings, the foliation is D-
logarithmic and non dicritical. Now, the support of D coincides with the invariant
hypersurfaces of F by Proposition 6; moreover, the coefficients (up to projective
equivalence) are given by the residues. Hence D′ is determined up to projective
equivalence from D. 
Remark 11. Let F be a D-logarithmic foliation. We know that if D is non-
dicritical, then the foliation F is also non-dicritical. The converse is a natural
question that has positive answer. That is, if F is non-dicritical, then D is also non-
dicritical. This is a consequence of the theorem on existence and non-dicriticalness
of the logarithmic models, that we prove in this paper.
4. Generalized Hypersurfaces and Logarithmic Forms
We recall here some facts useful for the sequel, concerning generalized hypersur-
faces and the more general case of non-dicritical codimension one singular foliations.
For more details on generalized hypersurfaces the reader can look at [24]. We end
the section by associating logarithmic forms to the generalized hypersurfaces that
are stable under blowing-ups.
We take the following definition:
Definition 4 ([16]). Given a complex analytic variety M , a foliation F on M and
a point p ∈M , we say that F is complex hyperbolic at p, or that F has no hidden
saddle-nodes at p, if and only if there is no holomorphic map φ : (C2, 0) → M ,
with φ(0) = p, such that φ∗F is a saddle-node. We say that F is a generalized
hypersurface at p if, in addition, it is non-dicritical at p. We say that F is a
generalized hypersurface at M when the property holds at each point of M .
The origin of the terminology generalized curve is in the paper [5], where the
authors made an extensive consideration of the condition of being complex hyper-
bolic, in the two dimensional case. In some cases, the above name is used also for
the dicritical situation. We fix the word generalized hypersurface for denoting both
properties: non-dicriticalness and no hidden-saddle-nodes. Of course, in the case
of ambient dimension two, the expression generalized curve also means for us to be
non-dicritical and without hidden saddle-nodes.
Remark 12. Some “ramified” saddle-nodes have the property of being generalized
hypersurfaces. For instance, take the saddle-node given by the meromorphic 1-form
du
u
+ u
dv
v
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in dimension two. Let us consider the ramification u = xpyq, v = y; we obtain by
pull back a differential 1-form(
p
dx
x
+ q
dy
y
)
+ xpyq
dy
y
that defines a generalized curve on (C2, 0); it is an example of Martinet-Ramis
resonant case [32]. Note that it has no holomorphic first integral. The reader can
see [11] for more details.
One of the important features of generalized hypersurfaces is the following result:
Proposition 7 (See [7, 15, 24]). Let F be a generalized hypersurface on (Cn, 0).
There are only finitely many irreducible invariant hypersurfaces of F , its union
S is non empty and any reduction of singularities of S provides a reduction of
singularities of F . In particular, the singular locus of F is contained in S.
Let us state some other useful results concerning generalized hypersurfaces:
Lemma 3. Consider a generalized hypersurface F on (Cn, 0) and take an invariant
analytic branch (Γ, 0) ⊂ (Cn, 0) not contained in the singular locus of F . There is
a single irreducible hypersurface H invariant for F such that Γ ⊂ H.
Proof. This is true for any non-dicritical foliation that admits a reduction of sin-
gularities, in particular for generalized hypersurfaces, see [7]. 
Proposition 8. Consider a generalized hypersurface F on (Cn, 0) and let S be the
union of the invariant hypersurfaces of F . For any S-transverse holomorphic map
φ : (C2, 0)→ (Cn, 0), the pull-back φ∗F is a generalized curve.
Proof. Let ω be a reduced holomorphic generator of F . We have first to show that
φ∗ω 6= 0. Assume that φ∗ω = 0, since φ is S-transverse, there is an irreducible
branch (Γ, 0) ⊂ (C2, 0) such that φ(Γ) 6⊂ S. In this situation, the curve φ(Γ) is
an invariant curve of F not contained in S; this contradicts Lemma 3. Then, we
have that φ∗F exists. More precisely, the invariant curves for φ∗F are precisely
the irreducible components of φ−1(S). In particular, φ∗F has only finitely many
invariant branches and then it is non-dicritical. Finally, let us find a contradiction
if φ∗F is not complex hyperbolic. Take
ϕ : (C2, 0)→ (C2, 0)
such that ϕ∗(φ∗F) is a saddle-node. We have that Im(ϕ) 6⊂ φ−1(S) and hence φ◦ϕ
is S-transverse. We conclude that (φ ◦ ϕ)∗F exists and
(φ ◦ ϕ)∗F = ϕ∗(φ∗F)
is a saddle-node, contradiction, since F is complex hyperbolic. 
Next, we show the stability under permissible blowing-ups of being generalized
hypersurface
Proposition 9. Consider a generalized hypersurface F on (Cn, 0) and let Y be a
non-singular subvariety of (Cn, 0) contained in the union S of the invariant hyper-
surfaces of F . Consider the admissible blowing-up
π : ((M,π−1(0)),F ′)→ ((Cn, 0),F)
with center Y . Then π is non-dicritical and F ′ is a generalized hypersurface.
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Proof. By Proposition 4, we see that the blowing-up π is non-dicritical, since F is
a non-dicritical foliation. Moreover, the transformed foliation F ′ is non-dicritical
in view of Proposition 5. Let us show that F ′ is complex-hyperbolic. Assume by
contradiction that it is not and thus there is a point p ∈ π−1(0) and a morphism
φ : (C2, 0)→ (M,p)
such that φ∗F ′ is a saddle-node. Since π is non-dicritical, we have that the excep-
tional divisor E = π−1(Y ) is invariant and hence the image of φ is not contained
in E; this implies that (π ◦ φ)∗F exists and, in view of Remark 9, we have
(π ◦ φ)∗F = φ∗(π∗F) = φ∗F ′.
It is a saddle-node, contradiction. 
4.1. Transversality. We consider here the concepts of generic multiplicity, equi-
multiplicity andMattei-Moussu transversality, that we need in the proof of existence
of logarithmic model for generalized hypersurfaces.
Let Y be a non-singular irreducible subvariety of (Cn, 0) and consider a holo-
morphic 1-form ω on (Cn, 0). The generic multiplicity νY (ω) of ω along Y is the
minimum of the generic multiplicity of the coefficients of ω along Y . When ω is
a reduced (no common factors in the coefficients) generator of a codimension one
singular foliation F on (Cn, 0) we say that νY (ω) is the generic multiplicity of F
along Y and we denote νY (F) = νY (ω).
Let S be a hypersurface of (Cn, 0) with reduced equation f = 0; recall that
νY (S) = νY (f). We say that Y is equimultiple at the origin for ω, F or S, if we
respectively have that
νY (ω) = ν0(ω), νY (F) = ν0(F), νY (H) = ν0(H).
By taking appropriate representatives of the germs, we know that the points of
equimultiplicity define a dense open set in Y .
Remark 13. If S is given by the reduced equation f = 0, where f is reduced, and
we consider the foliation F = (df = 0), we have νY (F) = νY (S)− 1.
Let us recall that the singular locus Sing(F) of a foliation F coincides locally
with the singular locus of a holomorphic generator of F without common factor in
its coefficients. In particular, we have that Sing(F) ⊂ M is an analytic subset of
codimension at least two.
Take a holomorphic germ of 1-form ω on (Cn, 0) such that codim(Sing(ω)) ≥ 2.
Following [31], we say that a closed immersion φ : (C2, 0) → (Cn, 0) is a Mattei-
Moussu transversal for ω when the following properties hold
Sing(φ∗ω) = φ−1(Sing(F)) ⊂ {0}, ν0(φ
∗ω) = ν0(ω).
If F is a codimension one singular foliation on (Cn, 0) we say that φ is a Mattei-
Moussu transversal for F when it is a Mattei-Moussu transversal for a holomorphic
generator of F . Let S be a hypersurface given by a reduced equation f = 0; we say
that φ is a Mattei-Moussu transversal for S when it is a Mattei-Moussu transversal
for the foliation df = 0. In this paper, we consider the following version of the
Transversality Theorem of Mattei-Moussu:
Theorem 1. Let F be a non-dicritical holomorphic foliation on (Cn, 0). There
is a Zariski nonempty open set W in the space of linear two-planes such that any
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closed immersion φ : (C2, 0)→ (Cn, 0) with tangent plane in W is a Mattei-Moussu
transversal for F .
Proof. See [31] and [8, 9, 14]. 
We have the following consequence:
Proposition 10. Let F be a generalized hypersurface of (Cn, 0) and denote by S
the union of the invariant hypersurfaces of F . Consider a non-singular subvariety
(Y, 0) of (Cn, 0) with Y ⊂ S. Then νY (F) = νY (S)− 1.
Proof. We first reduce the problem to the case Y = {0} as follows. Taking appro-
priate representatives of the germs, there is a dense open subset U of Y such that
both S and F are equimultiple along Y at the points in U , that is, we have
νp(S) = νY (S), νp(F) = νY (F),
for any p ∈ U . Thus, working at a point of equimultiplicity, we can assume that
Y = {0}. Now, we apply Mattei-Moussu Transversality Theorem to get a closed
immersion φ : (C2, 0)→ (Cn, 0) such that
ν0(φ
∗F) = ν0(F); ν0(φ
−1(S)) = ν0(S).
Since φ∗F is a generalized curve (see Proposition 8) we reduce the problem to the
two dimensional case. In this case, the result is known from [5]. 
4.2. Logarithmic Forms Fully Associated to Generalized Hypersurfaces.
Let us consider a generalized hypersurface F on (Cn, 0). We know that there exists
at least a germ of invariant hypersurface and that there are finitely many of them
Hi, i = 1, 2, . . . , s. Let us select a germ of reduced function
f = f1f2 · · · fs ∈ OCn,0
such that fi = 0 is a local equation for Hi, for i = 1, 2, . . . , s. Thus f = 0 gives
a reduced equation of the union S of the invariant hypersurfaces of F . Take a
local holomorphic generator ω of F without common factors in its coefficients. The
meromorphic 1-form η = ω/f also defines F . In view of Remark 5, we know that
η is a logarithmic differential 1-form, although it is not necessarily closed. Such an
integrable logarithmic 1-form η = ω/f will be called fully associated to F .
Remark 14. Assume that η = ω/f and η′ = ω′/f ′ are two integrable logarithmic
1-forms fully associated to F . There are units U, V ∈ OCn,0, such that ω′ = Uω
and f ′ = V f and hence there is a unit W = U/V such that η′ = Wη.
Proposition 11. Consider an integrable logarithmic 1-form η fully associated to a
generalized hypersurface F on (Cn, 0). Take a non-singular irreducible subvariety
Y of (Cn, 0) invariant for F and let us perform the blowing-up centered at Y
π : ((M,π−1(0)),F ′)→ ((Cn, 0),F).
The pullback π∗η is an integrable logarithmic 1-form fully associated to F ′.
Proof. (See [17] for the two dimensional case). Let ω be a holomorphic generator
of F without common factors in its coefficients, take a reduced equation f = 0 of
the union S of the invariant hypersurfaces of F and put η = ω/f . By Proposition
10, we know that
νY (ω) = νY (f)− 1.
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Put m = νY (ω). Working locally at a point p of the exceptional divisor π
−1(Y ),
where x′ = 0 is a reduced equation of π−1(Y ), we know that f ◦π = x′m+1f ′, where
f ′ = 0 is a reduced local equation of the strict transform of S. By Proposition 4, we
know that π is a non-dicritical blowing-up for F . Hence x′f ′ = 0 is a local reduced
equation of the union of the invariant hypersurfaces of F ′ at the point p. On the
other hand, F ′ is generated by π∗ω and
π∗ω = x′mω′,
where ω′ has no common factors in its coefficients; for this, we use the fact that π
is a non dicritical blowing-up and thus we can divide π∗ω exactly by x′
m
. Hence,
we have that
π∗η =
π∗ω
f ◦ π
= ω′/(x′f ′)
is an integrable logarithmic 1-form fully associated to π∗F . 
5. Divisorial Models in Dimension Two
Consider a foliation F on (C2, 0). From the work of A. Seidenberg [36], we know
that there is an essentially unique reduction of singularities of F . When there are
no saddle-nodes after reduction of singularities and all the irreducible components
of the exceptional divisor are invariant ones, we say that F is a generalized curve
[5]. In this case, the Camacho-Sad indices at the singular points, after reduction
of singularities, are all nonzero and they determine locally the linear part of the
holonomy. This motivates the quest of a foliation with linear holonomy, with the
same reduction of singularities and such that the linear part of the holonomy is
the same as the one for F after reduction of singularities. Such foliations are the
logarithmic ones and hence we look for a “logarithmic model” of a given generalized
curve. This problem has been solved in dimension two by N. Corral in [21]. In this
section we recover Corral results in the language of C-divisors and the indices with
respect to singular invariant curves.
5.1. Indices for C-divisors in dimension two. We develop here a notion of
index for C-divisors, directly inspired in the behavior of Camacho-Sad index in the
case of holomorphic foliations in dimension two.
Let M be a non-singular complex variety of dimension two. Take a C-divisor
(3) D = µDiv(T ) +
s∑
i=2
λiDiv(Hi)
on it, where T ⊂M and Hi ⊂M are curves in M , not necessarily irreducible, such
that none of the irreducible components of T is an irreducible component of an Hi,
for i = 2, 3, . . . , s. We assume that the support of D contains T , that is µ 6= 0. Let
us take a point p ∈ T . We define the Camacho-Sad index Ip(D, T ) at p of D with
respect to T by the expression
(4) Ip(D, T ) = −
∑s
i=2 λi(T,Hi)p
µ
,
where (T,Hi)p stands for the intersection multiplicity of T and Hi at p.
Let us note that if Dp denotes the germ of D at p we have that
Ip(Dp, T ) = Ip(D, T ).
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Let us remark that the germ of T at p may not be irreducible, even when we choose
T to be irreducible as a curve in M .
Remark 15. It is possible to extend the above definition in order to define the
index of D with respect to any union of curves in the support passing through p,
by using the formula
Ip(D, T1 ∪ T2) = Ip(D, T1) + Ip(D, T2) + 2(T1, T2)p.
In this way, we could recover the complete definition of the Camacho-Sad index
with respect to a not necessarily irreducible invariant curve, see [3]. Anyway, we
only need the definition for the case where the coefficients of all the irreducible
components of T in D are equal, as defined above.
Proposition 12. Let D be a C-divisor on a non-singular two dimensional complex
analytic variety M , that we write as D = µDiv(T )+
∑s
i=2 λiDiv(Hi), where µ 6= 0
and T and Hi have no common irreducible components, for any i = 2, 3, . . . , s. Let
π : (M ′,D′) → (M,D) be the blowing-up centered at a point p ∈ T . Denote by T ′
the strict transform of T by π and by E = π−1(p) the exceptional divisor of π. The
following equality holds:
(5)
∑
p′∈T ′∩E
Ip′(D
′, T ′) = Ip(D, T )− νp(T )
2.
Moreover, if π is non-dicritical, we have
∑
p′∈E Ip′(D
′, E) = −1.
Proof. If α = µνp(T )+
∑s
i=2 λiνp(Hi), we have D
′ = αE+µT ′+
∑s
i=2 λiH
′
i, where
we denote by H ′i the strict transforms of the Hi by π. Recall Noether’s formulas:
(Hi, T )p =
∑
p′∈E∩T ′
(H ′i, T
′)p′ + νp(T )νp(Hi); νp(T ) =
∑
p′∈E∩T ′
(E, T ′)p′ .
Let us show that µIp(D, T ) = µνp(T )2 +
∑
p′∈E µIp′(D
′, T ′), in order to verify the
identity in Equation 5:
µIp(D, T ) = −
s∑
i=2
λi(T,Hi)p = −
s∑
i=2
λiνp(T )νp(Hi)−
∑
p′∈E
s∑
i=2
λi(T
′, H ′i)p′ =
= µνp(T )
2 − νp(T )α−
∑
p′∈E
s∑
i=2
λi(T
′, H ′i)p′ =
= µνp(T )
2 −
∑
p′∈E
(
α(E, T ′)p′ +
s∑
i=2
λi(T
′, H ′i)p′
)
=
= µνp(T )
2 +
∑
p′∈E
µIp′(D
′, T ′).
Assume now that π is non-dicritical, hence α 6= 0. We have
−α = −
∑
p′∈E
(
µ(E, T ′)p′ +
s∑
i=2
λi(E,H
′
i)p′
)
= α
∑
p′∈E
Ip′(D
′, E).
This ends the proof. 
Corollary 4. If T is non singular at p, there is only one point p′ ∈ E ∩ T ′ and we
have that Ip′(D
′, T ′) = Ip(D, T )− 1.
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5.2. Camacho-Sad indices. Let us recall here the notion of generalized Camacho-
Sad index introduced by A. Lins Neto in [28], in the spirit of the residue theory of
Saito [35]. A good presentation of this results may be found in Brunella [3, 4] and
[27, 37].
Definition 5 ([28]). Let F be a germ of foliation on (C2, 0) generated by a holo-
morphic 1-form ω without common factors in its coefficients. Consider an invariant
branch Γ of F given by an irreducible equation f = 0. There is an expression
gω = hdf + fα,
where α is a holomorphic 1-form and f does not divide g. The Camacho-Sad index
CS0(F ,Γ) of F with respect to Γ is defined by
CS0(F ,Γ) =
−1
2πi
∫
γ(f)
α
h
,
where γ(f) is the homological class of the image of the standard loop z 7→ exp(2πi)
under a Puiseux parametrization of Γ.
Remark 16. If the origin is a simple point that is not a saddle-node, we can take
Γ = (y = 0) and ω = (λ+ · · · )ydx+ (µ+ · · · )xdy, with λµ 6= 0. In this case we see
that
(6) CS0(F ,Γ) = −λ/µ.
We are mainly interested in the behavior of the above index under non-dicritical
blowing-ups. Let us summarize those results in the following proposition:
Proposition 13. Let F be a germ of foliation on (C2, 0) and let
π : ((M,E),F ′)→ ((C2, 0),F), E = π−1(0),
be the blowing-up of the origin of C2. The following properties hold:
a) For any invariant branch (Γ, 0) we have that
CSp′(F
′,Γ′) = CSp(F ,Γ)− ν0(Γ)
2,
where p′ is the only point in E belonging to the strict transform Γ′ of Γ.
b) If π is non-dicritical, then
∑
q∈E CSq(F
′, E) = −1.
Proof. See Brunella [3, 4]. 
As a consequence of the above results we obtain the following proposition:
Proposition 14. Let L be a D-logarithmic foliation on (C2, 0), where D is a non-
dicritical D-divisor. Then
CS0(L,Γ) = I0(D,Γ),
for any irreducible invariant branch Γ of L.
Proof. The behavior of the indices is the same one after a sequence of blowing-ups
that desingularizes L and Γ along Γ. When we have a simple point, the indices
coincide by Equation 6. This equality projects by the sequence of blowing-ups and
we are done. 
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5.3. Existence of Divisorial Models in Dimension Two. In this section we
present the definitions and main properties of logarithmic models in dimension two,
in terms of C-divisors. The existence of logarithmic models for generalized curves
in dimension two has been proved in [12, 21], without an extensive use of C-divisors.
The particularization to the ambient dimension two of the concept of generalized
hypersurface is the one of generalized curve. To avoid possible confusion with other
uses of this terminology in the literature, we note that in this paper a generalized
curve is given by the following definition:
Definition 6. A foliation F on (C2, 0) is a generalized curve if and only if it is
non-dicritical and there are no saddle-nodes in a reduction of singularities of F .
Remark 17. If there are no saddle-nodes in a reduction of singularities, we find no
saddle-nodes after any finite sequence of blowing-ups. In particular the definition
is independent of the choice of a reduction of singularities (note that in dimension
two we can speak of a minimal reduction of singularities). For more details, see
[11].
Definition 7. Consider a generalized curve F and a let D be a C-divisor on a two-
dimensional non-singular complex analytic variety M . We say that D is a divisorial
model for F at a point p in M if the following conditions hold:
(1) The support Supp(Dp) of the germ Dp of D at p is the union of the germs
at p of the invariant branches of F .
(2) The indices of Dp with respect to the irreducible branches of Supp(Dp) co-
incide with the Camacho-Sad indices of F .
We say that D is a divisorial model for F if it fulfils the above conditions at every
point p ∈M . In the case of a germ (M,K) we ask the property at each point of the
germification set K.
Remark 18. Let us note that if D is a divisorial model for a generalized curve F
on (M,K) then we necessarily have that the “germification set” K satisfies that
K ⊂ Supp(D). Indeed, if there is a point p ∈ K \ Supp(D), we know that there
is at least one invariant branch (this is a general fact that does not need of the
hypothesis generalized curve, see [6], also [34]) at p that obviously is not contained
in the support of the divisor.
Example 1. The first example is a foliation F of (C2, 0) with a holomorphic first
integral. That is, we take a germ of function f = f r11 f
r2
2 · · · f
rs
s and the foliation
given by df/f . The divisorial model is
D = r1Div(f1) + r2Div(f2) + · · ·+ rsDiv(fs).
The verification of this statement can be done, first in the normal crossings situation
and second after Corollary 5 and reduction of singularities.
Our objective in this subsection is to give a proof of the following result, in terms
of C-divisors:
Theorem 2. Given a generalized curve F on (C2, 0), there is a divisorial model
D for F . Moreover, if D˜ is another divisorial model for F , then D˜ is projectively
equivalent to D; conversely, any C-divisor projectively equivalent to D is also a
divisorial model for F .
Let us work in a matricial way. First of all, we recall a basic fact of linear algebra:
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Lemma 4. Let A = (αij) be a s × s symmetric matrix of rank s − 1, having
coefficients in a field k. Assume that there is a vector λ = (λ1, λ2, . . . , λs) ∈ ks
such that λA = 0 and λi 6= 0 for any i = 1, 2, . . . , s. Consider the diagonal minors
∆ℓ = detBℓ; Bℓ = (αij)i,j∈{1,2,...,s}\{ℓ}.
Then ∆ℓ 6= 0, for all ℓ = 1, 2, . . . , s.
Proof. Up to reordering, we may assume that ℓ = 1. Let Fi be the files and Ci the
columns of A. We know that
F1 = (−1/λ1)
s∑
i=2
λiFi, C1 = (−1/λ1)
s∑
i=2
λiCi.
Let A′ be the matrix obtained by changing the first row of A by F1 plus the linear
combination (1/λ1)
∑s
i=2 λiFi and let A
′′ be obtained from A′ by changing the first
column C′1 of A
′ by C′1 plus the linear combination (1/λ1)
∑s
i=2 λiC
′
i, where the C
′
i
are the columns of A′. We have that rank(A′′) = s− 1 and
A′′ =
(
0 0
0 B1
)
.
We conclude that ∆1 6= 0. 
Denote by H = ∪si=1Hi the union of invariant branches of F , where we fix an
ordering H1, H2, . . . , Hs. We define the s× s symmetric matrix A0(F) = (αij) by
αij =
{
CS0(F , Hi) if i = j,
(Hi, Hj)0 if i 6= j.
Let us denote B0(F) = (αij)2≤i,j≤s, that is, we have
(7) A0(F) =


CS0(F , H1) (H1, H2)0 · · · (H1, Hs)0
(H2, H1)0
... B0(F)
(Hs, H1)0

 .
Lemma 5. Let F be a generalized curve on (C2, 0) and consider a C-divisor of the
form D =
∑s
i=1 λiHi. The following statements are equivalent:
(1) The divisor D is a divisorial model for F .
(2) We have that λA0(F) = 0 and λi 6= 0 for any i = 1, 2, . . . , s.
Proof. Assume that D is a divisorial model for F . We have that λi 6= 0 for any
i = 1, 2, . . . , s, since the support of D is the union H = ∪si=1Hi of the invariant
curves of F . Moreover, the indices of D coincide with the Camacho-Sad indices of
F . That is, for any Hi we have that CS0(F , Hi) = I0(D, Hi); noting that
I0(D, Hi) =
−
∑
j 6=i λj(Hi, Hj)0
λi
,
we conclude that λA0(F) = 0. Conversely, let us assume that λA0(F) = 0 and
λi 6= 0 for any i = 1, 2, . . . , s. Then, the support of D is equal to H . Moreover, the
fact that λA0(F) = 0 implies that
CS0(D, Hi) =
−
∑
j 6=i λj(Hi, Hj)0
λi
= I0(D, Hi), i = 1, 2, . . . , s,
and we are done. 
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Lemma 6. Let F be a generalized curve on (C2, 0). Then, we have:
(1) The rank rk(A0(F)) of A0(F) is equal to s− 1.
(2) The determinant detB0(F) of B0(F) is nonzero.
(3) There is a vector λ = (λ1, λ2, . . . , λs) such that λi 6= 0 for any i = 1, 2, . . . , s
and λA0(F) = 0.
Proof. We work by induction on the length of a reduction of singularities of H . If
this length is zero, either H is non singular or H = H1 ∪ H2 is the union of two
transverse non singular branches. When H is non singular, we have that F is non
singular too, since it is a generalized curve; then we have CS0(F , H) = 0 and we
are done. If H = H1 ∪H2 is the union of two transverse non singular branches, the
origin is a simple point which is not a saddle-node. In this case we have
CS0(F , H1)CS0(F , H2) = 1.
We are done since
A0(F) =
(
CS0(F , H1) 1
1 1/CS0(F , H1)
)
.
In order to prove the induction step, let us do the blowing-up centered at the origin
π : (M,E)→ (C2, 0); E = π−1(0).
Denote by p1, p2, . . . , pt the points of intersection between E and the strict trans-
form H ′ of H . Up to a reordering in H2, H3, . . . , Hs, we may assume that pj ∈ H ′i
if and only if i ∈ Ij , where
(8) Ij = {nj−1 + 1, nj−1 + 2, . . . , nj}; n0 = 0, nt = s.
Put νi = ν0(Hi), for i = 1, 2, . . . , s. Note that νi = (E,H
′
i)pj when i ∈ Ij . Denote
by ν the vector ν = (ν(1), ν(2), . . . , ν(t)), where
ν(j) = (νnj−1+1, νnj−1+2, . . . , νnj ), j = 1, 2, . . . , t.
The matrices Apj (F
′) are given by
Apj (F
′) =
(
CSpj (F
′, E) ν(j)
(ν(j))t Bpj (F
′)
)
,
where Bpj (F
′) is the matrix

CSpj (F , H
′
nj−1+1) (H
′
nj−1+1, H
′
nj−1+2)pj · · · (H
′
nj−1+1, H
′
nj )pj
(H ′nj−1+2, H
′
nj−1+1)pj CSpj (F , H
′
nj−1+2) · · · (H
′
nj−1+2, H
′
nj )pj
...
...
...
(H ′nj , H
′
nj−1+1)pj (H
′
nj , H
′
nj−1+2)pj · · · CSpj (F , H
′
nj )

 .
We can apply the induction hypothesis at the points pj . Thus, for any j = 1, 2, . . . , t
we have:
(1) detBpj (F
′) 6= 0.
(2) There are vectors λ(j) = (λnj−1+1, λnj−1+2, . . . , λnj ), with nonzero entries
such that
(9) (1, λ(j))Apj (F
′) = 0.
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Now, let us define the matrix A′ by
A′ =


−1 ν(1) ν(2) · · · ν(t)
(ν(1))t Bp1(F
′) 0 · · · 0
(ν(2))t 0 Bp2(F
′) · · · 0
...
...
... · · ·
...
(ν(t))t 0 0 · · · Bpt(F
′)

 =
(
−1 ν
(ν)t B′
)
.
Denote λ = (λ1, λ2, . . . , λs) = (λ
(1), λ(2), . . . , λ(t)). Let us show that
(10) (1, λ)A′ = 0.
Recall that (1, λ(j))Apj (F
′) = 0. Looking at the first column of (1, λ(j))Apj (F
′),
we have that
CSpj (F
′, E) +
nj∑
i=nj−1+1
λiνi = 0, j = 1, 2, . . . , t.
Noting that
∑t
j=1 CSpj (F
′, E) = −1, we conclude that
(11) − 1 +
s∑
i=1
λiνi =
t∑
j=1

CSpj (F ′, E) +
nj∑
i=nj−1+1
λiνi

 = 0.
Hence, the first column of (1, λ)A′ is zero. The (1+ i)-th column of (1, λ)A′, where
i = ℓ + nj−1 ∈ Ij coincides with the (1 + ℓ)-th column of (1, λ(j))Apj (F
′). This
shows that (1, λ)A′ = 0.
Note that detB′ 6= 0, since detBpj (F
′) 6= 0 for any j = 1, 2, . . . , t. On the other
hand, (1, λ)A′ = 0 implies that
(12) ν + λB′ = 0.
Moreover, recall the equalities
CS0(F , Hi) = CSpj (F
′, H ′i) + ν
2
i , i ∈ Ij
(Hi, Hℓ)0 =
{
νiνℓ + (H
′
i, H
′
ℓ)pj if i, ℓ ∈ Ij .
νiνℓ if i ∈ Ij , ℓ /∈ Ij .
Then, we have
A0(F) = B
′ +Diag(ν1, ν2, . . . , νs)N,
where N is the matrix that has all the rows equal to ν. We conclude that
rankA0(F) ≥ s− 1,
since rankB′ = s and the rows of A0(F) are obtained from the ones of B′ by adding
vectors that are proportional to the single vector ν.
Let us show that λA0(F) = 0, having in mind equations (12) and (11). We have
λA0(F) = λB
′ + λDiag(ν1, ν2, . . . , νs)N =
= −ν + (λ1ν1, λ2ν2, . . . , λsνs)N =
= −ν + (
s∑
i=1
λiνi)ν = (−1 +
s∑
i=1
λiνi)ν = 0.
Since λ 6= 0 and rank(A0(F)) ≥ s − 1, we conclude that rank(A0(F)) = s − 1,
this shows property (1) of the statement. By construction, we have that λi 6= 0
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for all i = 1, 2, . . . , s, this shows property (3). Finally, property (2) follows from
properties (1) and (3) in view of Lemma 4. 
Remark 19. Note that the above proof implies that CS0(F , H) = 0 when there is
only one invariant branch H , even if H is singular.
Let us end the proof of Theorem 2. Take the matrix A0(F) as in Equation 7. We
have a vector λ = (λ1, λ2, . . . , λs) with only nonzero entries such that λA0(F) = 0.
Define the C-divisor D as
D = λ1H1 + λ2H2 + · · ·+ λsHs.
Applying Lemma 5, we see that D is a divisorial model for F . If D˜ =
∑s
i=1 λ˜Hi is
projectively equivalent to D, there is a constant c ∈ C∗ such that λ˜ = cλ. Hence
we also have that λ˜A0(F) = 0 and D˜ is also a divisorial model for F . Assume now
that D′ =
∑s
i=1 λ
′
iHi is another divisorial model for F , by Lemma 5, we have that
λ′A0(F) = 0. Since A0(F) has rank s − 1, there is a constant c ∈ C∗ such that
λ′ = cλ and thus the C-divisor D′ is projectively equivalent to D. This ends the
proof of Theorem 2.
5.4. Stability under Morphisms. In this Subsection, we characterize the two-
dimensional divisorial models in terms of blowing-ups and also in terms of trans-
verse maps. This properties are the essential facts we need for extending to higher
dimension the concept of divisorial model.
Proposition 15. Consider a generalized curve F on (C2, 0) and a C-divisor D.
Let π : (M,π−1(0))→ (C2, 0) be the blowing-up of the origin and denote by F ′ the
transform of F by π. The following statements are equivalent:
(1) The C-divisor D is a divisorial model for F .
(2) The transform π∗D of D is a divisorial model for F ′.
Proof. Take notations as in the proof of Lemma 6 and put D =
∑s
i=1 µiHi. Assume
first that D is a divisorial model for F . We have to prove that π∗D is a divisorial
model for π∗F at any point p ∈ π−1(0) = E. In view of the proof of Lemma 6, we
find vectors (1, λ(j)) for any j = 1, 2, . . . , t such that
(1, λ(j))Apj (F
′) = 0,
with λ(j) = (λnj−1+1, λnj−1+2, . . . , λnj ) and λi 6= 0 for i = nj−1+1, nj−1+2, . . . , nj .
By Lemma 5, this means that
D(j) = E +
nj∑
i=nj−1+1
λiH
′
i
is a divisorial model for F ′ at the point pj. Let us take
D′ = E +
s∑
i=1
λiH
′
i.
We have that D′ is a divisorial model for F ′ at each of the points pj, since the germ
of D′ at pj is equal to D
(j). Moreover, the C-divisor D′ is also a divisorial model
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for F ′ at any point p ∈ E \ {p1, p2, . . . , pt}, since the germ of D′ at such points p is
just the C-divisor 1 · E. On the other hand, by Equation 11 we have
s∑
i=1
λiνi = 1.
This implies that D′ = π∗D0, where D0 =
∑s
i=1 λiHi. Since D0 is a divisorial
model for F at the origin 0 ∈ C2, we have that D = cD0 for a nonzero constant
c ∈ C∗. Hence π∗D = cD′ and it is a divisorial model for F ′.
Conversely, write D =
∑s
i=1 µiHi and assume that π
∗D is a divisorial model
for F ′. The exceptional divisor E is invariant for F ′ and thus
∑s
i=1 µiνi 6= 0.
Up to change D by a proportional C-divisor, we can assume that
∑s
i=1 µiνi = 1.
This implies that π∗D = D′ since they are both divisorial models for F ′ with
fixed coefficient equal to 1 for the exceptional divisor E. This implies also that
D = D0 =
∑s
i=1 λiHi. We are done. 
Next corollary is a direct consequence of the preceding proposition:
Corollary 5. Consider a generalized curve F on (C2, 0) and a C-divisor D. Let
π : (M,π−1(0)) → (C2, 0) be the composition of a finite sequence of blowing-ups.
The following statements are equivalent:
(1) D is a divisorial model for F .
(2) π∗D is a divisorial model for the transform F ′ of F by π.
In particular, when π is a reduction of singularities of F , we have that D is a
divisorial model for F if and only if π∗D is a divisorial model for π∗F . This is
the point of view taken in [21] in the construction of divisorial models in dimension
two.
The property stated in next Proposition 16 is the starting point for defining
divisorial models in higher ambient dimension.
Proposition 16. Let F be a generalized curve on (C2, 0) and consider a C-divisor
D on (C2, 0). The following statements are equivalent:
(1) The C-divisor D is a divisorial model for F .
(2) For any D-transverse holomorphic map φ : (C2, 0)→ (C2, 0), we have that
φ∗D is a divisorial model for φ∗F .
Proof. We see that (2) implies (1) by choosing the identity morphism. Let us show
now that (1) implies (2). We have to test that φ∗D is a divisorial model for φ∗G.
Note that the existence of the pull-back φ∗F is guarantied by Proposition 8 and
we also know that φ∗F is a generalized curve. Let π : (M,π−1(0)) → (C2, 0) be
a reduction of singularities of F by blowing-ups centered at points. In view of
Proposition 23 in the Appendix I, there is a commutative diagram of morphisms
(C2, 0)
σ
←− (N, σ−1(0))
φ ↓ ↓ ψ
(C2, 0)
π
←− (M,π−1(0))
,
where σ is the composition of a finite sequence of blowing-ups. Let us recall that
S = Supp(D) is the union of the invariant curves of F .
Note that φ∗F exists, since φ is S-transverse and we also have that the pullback
φ∗D exists by the same reason. We have that φ ◦ σ is S-transverse, since φ is
S-transverse, by hypothesis, and σ is a composition of blowing-ups. Hence π ◦ψ is
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S-transverse, because we have π◦ψ = φ◦σ. This implies that ψ is π−1(S)-transverse
and then it is π∗D-transverse, since
Supp(π∗D) ⊂ π−1(S).
In this situation, we have that
σ∗(φ∗F) = (φ ◦ σ)∗F = (π ◦ ψ)∗F = ψ∗(π∗F),(13)
σ∗(φ∗D) = (φ ◦ σ)∗D = (π ◦ ψ)∗D = ψ∗(π∗D).(14)
We know that π∗D is a divisorial model for π∗F in view of Corollary 5. Also by
Corollary 5, we have that φ∗D is a divisorial model of φ∗F if and only if σ∗(φ∗D)
is a divisorial model of σ∗(φ∗F). In view of Equations 13 and 14, it is enough to
show that ψ∗(π∗D) is a divisorial model for ψ∗(π∗F).
Recalling that π∗F is desingularized, that π∗D is a divisorial model for π∗F
and that the desired verification may be done in a local way, we have reduced the
problem to the case when F is desingularized. More precisely:
In order to prove that (1) implies (2), it is enough to consider only
the case when F is desingularized.
Then, we assume that F is desingularized. If F is non-singular, we have that
F = (dx = 0) and (up to multiply by a constant) D = Div(x) = 1 · (x = 0). In
this case φ∗(D) = Div(x ◦φ) and φ∗F = (d(x ◦φ = 0)), we are done by Example 1.
Assume that F has a simple singular point at the origin, then it is generated by a
logarithmic 1-form
η = (λ+ f(x, y))
dx
x
+ (µ+ g(x, y))
dy
y
, f(0, 0) = g(0, 0) = 0,
where (λ, µ) is non resonant, in the sense that mλ + nµ 6= 0 for any pair of non-
negative integer numbers n,m such that n + m ≥ 1. Moreover, the divisor D is
given by
D = λDiv(x) + µDiv(y).
Now, we apply Proposition 22 to desingularize the list of functions (x ◦ φ, y ◦ φ),
by means of a sequence of blowing-ups σ′ : (N ′, σ′
−1
(0))→ (C2, 0). It is enough to
verify that σ′
∗
(φ∗D) is a divisorial model for σ′∗(φ∗F) at the points p ∈ σ′−1(0).
This reduces the problem to the case in which φ has the form
x ◦ φ = Uuavb, y ◦ φ = V ucvd, U(0, 0) 6= 0 6= V (0, 0),
where a+ b ≥ 1 and c+ d ≥ 1 (note that none of these functions is identically zero,
since φ is S-transverse). Put (λ′, µ′) = (λa+ µc, λb + µd), we have
φ∗η = λ′
du
u
+ µ′
dv
v
+ α, α holomorphic,
φ∗D = λ′Div(u) + µ′Div(v).
Now, we see that φ∗D is a divisorial model of φ∗F . Note that either λ′ 6= 0 or
µ′ 6= 0, since a + b + c + d ≥ 2 and there are no resonances between λ, µ. If
λ′ 6= 0 = µ′, we have a non singular foliation with u = 0 the only invariant curve
and φ∗D = λ′Div(u), we are done. If λ′ 6= 0 6= µ′ we have a simple singularity and
φ∗D = λ′Div(u) + µ′Div(v) is a divisorial model, as we know by Remark 16. 
Corollary 6. Let F be a generalized curve on (C2, 0) and consider a divisorial
model D of F . Then the C-divisor D is non-dicritical.
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Proof. Assume that there is a D-transverse map φ : (C2, 0) → (C2, 0) such that
φ∗D = 0 and φ(y = 0) ⊂ Supp(D). By Proposition 16, we know that φ∗D is a
divisorial model of φ∗F at the origin. But this is not possible, since we know that
φ∗F exists and hence the divisorial model at the origin cannot be zero. 
6. Reduction of Singularities of Foliated Spaces
Before considering reduction of singularities, let us precise what we mean by a
desingularized foliated space in the case of generalized hypersurfaces. This concept
is developed for any foliated space in [7].
Definition 8. A foliated space is just a data ((M,K), E,F), where
(1) The ambient space (M,K) is a germ of non-singular complex analytic va-
riety along a connected and compact analytic subset K ⊂M .
(2) The divisor E ⊂M is a normal crossings divisor on M . More precisely, it
is a germ along E ∩K.
(3) The foliation F is a germ of holomorphic foliation on M along the germi-
fication set K.
We say that a foliated space ((M,K), E,F) is of generalized hypersurface type if
and only if F is a generalized hypersurface and all the irreducible components of E
are invariant for F .
We say that a foliated space ((M,K), E,F) is desingularized if it is simple at
any point p ∈ K, in the sense that we detail in Subsection 6.1. The property of
being a simple point is an open property and hence it is also satisfied in an open
neighborhood of K.
6.1. Simple Points. The definition of “simple point” in any dimension has been
introduced in [10, 7]. Here we recall this concept particularized to the case of
foliated spaces of generalized hypersurface type.
Consider a foliated space ((M,K), E,F) of generalized hypersurface type. Let
us define when a point p ∈ K is a simple point for the foliated space.
Denote by τ the dimensional type of F at p (see [7, 10, 15]). Roughly speaking,
the dimensional type τ is the minimum number of local coordinates needed to
describe F at p. Denote by e the number of irreducible components of E through
p. The first request for p to be simple is that τ − 1 ≤ e ≤ τ . In this way we have
two categories of simple points:
a) Simple corner points: the simple points where e = τ .
b) Simple trace points: the simple points where e = τ − 1.
Assume that e = τ . Then, there are coordinates (x1, x2, . . . , xn) at p such that
E = (
∏τ
i=1 xi = 0) and F is locally defined at p by a meromorphic differential
1-form η written as
(15) η =
τ∑
i=1
(λi + ai(x1, x2, . . . , xτ ))
dxi
xi
, ai ∈ OM,p,
where ai(0) = 0 for i = 1, 2, . . . , τ . We say that p is a simple corner if the following
non resonance property holds:
“For any 0 6=m = (mi)τi=1 ∈ Z
τ
≥0, we have that
∑τ
i=1miλi 6= 0.”
Let us note that
∏τ
i=1 λi 6= 0.
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Remark 20. It is known that the germs at p of the irreducible components of E
are the only invariant germs of hypersurface for F at a simple corner p. One way
of verifying this is as follows. First of all, we can assume that τ = n, because of
the “cylindric shape” of the foliation over its projection on the first τ coordinates.
Assume now that there is another invariant hypersurface. Then we should have an
invariant curve t 7→ γ(t) as follows:
γ(t) = (tm1U1(t), t
m2U2(t), . . . , t
mnUn(t)), Ui(0) 6= 0, i = 1, 2, . . . , n.
Let η be as in Equation 15. The fact that γ∗η = 0 implies that
∑n
i=1miλi = 0 and
this contradicts the property of non-resonance.
Assume now that e = τ − 1. The point p is a simple trace point if and only if
there is a invariant germ of non-singular hypersurface Hp at p, not contained in E
and having normal crossings with E, in such a way that the germ of F at p is a
simple corner with respect to the normal crossings divisor E ∪Hp.
Remark 21. Given a foliated space ((M,K), E,F) of generalized hypersurface
type, any point p ∈ M \ Sing(F) is a simple point. In this case the dimensional
type is τ = 1. If e = 0, we have an “improper” trace point and the foliation is locally
given by dx = 0, where x is a local coordinate, we write it as dx/x = 0 and we see
that (M, ∅,F) fulfils the definition of simple point for generalized hypersurfaces. If
e ≥ 1 we necessarily have that e = 1, since all the components of E are invariant
and we have only one of them; we can choose an appropriate coordinate such that
x = 0 is the divisor E and F is given by dx/x = 0; hence it satisfies the definition
of simple point.
The above property is true in the general case when all the components of E
are invariant. In presence of dicritical components, we have to assure the normal
crossings property between F and the divisor. See [7].
In our current case of generalized hypersurface type foliated spaces, simple points
may be described by means of the logarithmic order as follows. Consider a foliated
space ((M,K), E,F) of generalized hypersurface type. Take a point p ∈ K. There
are local coordinates (x1, x2, . . . , xn) such that E = (
∏e
i=1 xi = 0) and F is gener-
ated locally at p by an integrable meromorphic 1-form
η =
e∑
i=1
ai(x)
dxi
xi
+
n∑
i=e+1
ai(x)dxi, ai ∈ OM,p,
where the coefficients ai do not have a common factor, for i = 1, 2, . . . , n. The
logarithmic order LogOrdp(η,E) of η,E at the origin is defined by
LogOrdp(η,E) = min{ν0(ai); i = 1, 2, . . . , n}.
We also put LogOrdp(F , E) = LogOrdp(η,E), when η generates F as above.
Proposition 17. Assume that ((M,K), E,F) is a foliated space of generalized
hypersurface type. Take a point p ∈ K. The following statements are equivalent
(1) The point p is a simple point for ((M,K), E,F).
(2) LogOrdp(F , E) = 0.
Proof. See also [15, 33]. We provide a direct proof in Appendix II. 
Thus, the locus of non simple points coincides with the log-singular locus :
LogSing(F , E) = {p ∈M ; LogOrdp(F , E) ≥ 1}.
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6.2. Reduction of Singularities. Let us recall now what we mean by a reduction
of singularities of a foliated space of generalized hypersurface type. The existence
of reduction of singularities for germs of codimension one holomorphic foliations is
know from the paper of Seidenberg [36] in ambient dimension two; when the ambient
dimension is three, it has been proven in [7]. In general ambient dimensions it is
still an open problem, but there is reduction of singularities for foliated spaces of
generalized hypersurface type [24].
Take a foliated space ((M,K), E,F) of generalized hypersurface type. A reduc-
tion of singularities of ((M,K), E,F) is a transformation of foliated spaces
(16) π : ((M ′,K ′), E′,F ′)→ ((M,K), E,F)
obtained by composition of a finite sequence of admissible blowing-ups of foliated
spaces in such a way that ((M ′,K ′), E′,F ′) is desingularized.
A non-singular and connected closed analytic subset (Y, Y ∩K) ⊂ (M,K) is an
admissible center for ((M,K), E,F) when it is invariant for F and it has normal
crossings with E. In this situation, we can perform the admissible blowing-up with
center Y :
π1 : ((M1,K1), E
1,F1)→ ((M,K), E,F), K1 = π
−1
1 (K),
where F1 = π∗1F is the transform of F and E
1 = π−11 (E∪Y ). Such transformations
may be composed. Then, a reduction of singularities π as in Equation 16 is a finite
composition
π = π1 ◦ π2 ◦ · · · ◦ πs,
where each πi is an admissible blowing-up of foliated spaces, for i = 1, 2, . . . , s. The
number s is called the length of π and it will be important in order to perform
inductive arguments.
Remark 22. We recall that a reduction of singularities of the (finite) union of
invariant hypersurfaces induces a reduction of singularities of the foliated space, in
the framework of generalized hypersurfaces, see [24, 15]. Then, we can assure the
existence of reduction of singularities for a given foliated space ((M,K), E,F) of
generalized hypersurface type.
6.3. Notations on a Reduction of Singularities. Let us introduce some useful
notations concerning a given reduction of singularities π as in Equation 16. The
morphism π is a finite composition π = π1 ◦ π2 ◦ · · · ◦ πs, where
πj : ((Mj ,Kj), E
j ,Fj)→ ((Mj−1,Kj−1), E
j−1,Fj−1), j = 1, 2, . . . , s,
is the admissible blowing-up with center Yj−1 ⊂Mj−1. The initial and final foliated
spaces are given by
((M0,K0), E
0,F0) = ((M,K), E,F),
((Ms,Ks), E
s,Fs) = ((M
′,K ′), E′,F ′)
The exceptional divisor of πj is E
j
j = π
−1
j (Yj−1). Moreover, for any j = 1, 2, . . . , s
we write the decomposition into irreducible components of Ej−1 and Ej as
Ej−1 = ∪i∈I0∪{1,2,...,j−1}E
j−1
i , E
j = ∪i∈I0∪{1,2,...,j}E
j
i ,
where Eji is the strict transform of E
j−1
i , for i ∈ I0 ∪ {1, 2, . . . , j− 1}. If we denote
I = I0 ∪ {1, 2, . . . , s} and E
′
i = E
s
i for i ∈ I, we have that E
′ = ∪i∈IE
′
i. In the
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same way, we can express the decomposition of E into irreducible components as
E = ∪i∈I0Ei, where Ei = E
0
i , for i ∈ I0.
The inductive arguments on the length of π are just based on the fact that after
a first blowing-up, we have a reduction of singularities of smaller length. That is,
when s ≥ 1, we consider the decomposition π = π1 ◦ σ, where σ = π2 ◦ π3 ◦ · · · ◦ πs.
Thus, we have
(17)
π1 : ((M1,K1), E
1,F1) → ((M,K), E,F),
σ : ((M ′,K ′), E′,F ′) → ((M1,K1), E1,F1).
Note that σ is a reduction of singularities of length s− 1.
Remark 23. For the shake of simplicity, we do not detail certain properties about
the germs of spaces. We will just use expressions as “a point close enough to the
germification set” or “by taking appropriate representatives”. In each case, we hope
the reader to supply the exact meaning of these expressions.
Take a point p ∈M , close enough to the germification set K. Then π induces a
reduction of singularities over the ambient space (M,p) that we denote
(18) πp : ((M
′,K ′p), E
′,F ′)→ ((M,p), E,F), K ′p = π
−1(p).
We can decompose it as πp = π1,p ◦ σp, where
(19)
π1,p : ((M1,K1,p), E
1,F1) → ((M,p), E,F), K1,p = π
−1
1 (p),
σp : ((M
′,K ′p), E
′,F ′) → ((M1,K1,p), E1,F1).
Let us unify next the notations between the components of the exceptional divi-
sors and the irreducible invariant hypersurfaces, not necessarily contained in them.
Denote by S′ ⊂M ′ the union of invariant hypersurfaces of F ′ not contained in the
divisor E′. We know that S′ is a disjoint union of non singular hypersurfaces and
D′ = E′ ∪S′ is also a normal crossings divisor on M ′. Since the irreducible compo-
nents of E′ are invariant, we have that D′ is the union of all invariant hypersurfaces
of F ′. Let us denote
S′ = ∪b∈BS
′
b
the decomposition into irreducible components of S′, where we choose the set of
indices B in such a way that B ∩ I = ∅. Denote D′i = E
′
i if i ∈ I and D
′
b = S
′
b if
b ∈ B. We have that
D′ = ∪j∈I∪BD
′
j,
is the decomposition into irreducible components of D′. Moreover, let us denote
by Dj = π(D
′
j), for j ∈ I0 ∪ B. Then D = ∪j∈I0∪BDj ⊂ M is the union of the
irreducible invariant hypersurfaces of F .
6.4. Equidesingularization. We recall here the concept of equireduction point
for a foliated space ((M,K), E,F) of generalized hypersurface type. This idea has
already been useful in [14] and [15].
Remark 24. In our applications we will consider points that can be outside of the
germification set, but close enough to it. So, if we say “take a point p ∈ M” we
understand that it is “close enough to K”.
Let us take a point p ∈M . We say that p is an even point for ((M,K), E,F) if
either p 6∈ Sing(F) (see Remark 21) or p ∈ Sing(F) and the singular locus Sing(F)
satisfies the following properties, locally at p:
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a) The singular locus Sing(F) has codimension two in M , it is non-singular
and it has normal crossings with E.
b) The foliation F is equimultiple along Sing(F). In particular, each irre-
ducible component of E through p contains Sing(F) and there are at most
two of them.
We say that p is an equireduction point, or a point of 2-equireduction, for the foliated
space (M,E,F) if it is an even point and this is stable under blowing-ups centered
at the singular locus. More precisely, we say that an even point p ∈ M is an
equireduction point for ((M,K), E,F) if for any finite sequence of local blowing-
ups over p
(20) ((M,p), E,F)
σ1← ((M1, p1), E
1,F1)
σ2← · · ·
σm← ((Mm, pm), E
m,Fm)
such that the center of σi is Sing(Fi−1), for i = 1, 2, . . . ,m, we have the following
properties:
(1) The point pm is an even point for ((Mm, pm), E
m,Fm).
(2) If pm ∈ Sing(Fm), the induced morphism Sing(Fm)→ Sing(F0) is e´tale.
Let us recall that a local blowing-up is the composition of a blowing-up
π : (M ′, π−1(p))→ (M,p)
with an immersion of germs (M ′, p′)→ (M ′, π−1(p)).
Next two results may be obtained by a direct adaptation of the statements proved
in [14] to the case of generalized hypersurfaces:
Proposition 18. Let ((M,K), E,F) be a foliated space of generalized hypersurface
type. The set Z(F , E) of non-equireduction points is a closed analytic subset of M
of codimension at least three.
Proposition 19. Let p ∈ M be a singular equireduction point for a foliated space
((M,K), E,F) of generalized hypersurface type. Any two dimensional section
(∆, p) ⊂ (M,p)
transverse to Sing(F) is a Mattei-Moussu transversal for F and it induces a foliated
space ((∆, p), E ∩∆,F|∆) that is a generalized curve.
Consider a singular equireduction point p ∈M for the generalized hypersurface
type foliated space ((M,K), E,F). Let us perform the blowing-up with center at
the whole singular locus (Sing(F), p) ⊂ (M,p):
ς1 : ((M1, ς
−1
1 (p)), E
1,F1))→ ((M,p), E,F).
There are only finitely many points {pj}
n1
j=1 over p in the singular locus Sing(F1)
and the morphism of germs
(Sing(F1), pj)→ (Sing(F), p)
is e´tale for all j = 1, 2, . . . , n1. Then, we can blow-up ((M1, ς
−1
1 (p)), E
1,F1)) with
center Sing(F1) to obtain a morphism
ς2 : ((M2, ς
−1
2 (ς
−1
1 (p))), E
2,F2))→ ((M1, ς
−1
1 (p)), E
1,F1)).
Note that the center of ς2 has exactly n1 connected components, each one passing
through a point pj , for j = 1, 2, . . . , n1. Locally at each point pj we have an induced
blowing-up with center (Sing(F1), pj):
ςpj : ((M2, ς
−1
2 (pj)), E
2,F2))→ ((M1, pj), E
1,F1)).
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Continuing indefinitely in this way, we obtain the equireduction sequence
(21) EpM,E,F : ((M,p), E,F)
ς1← ((M1, ς
−1
1 (p)), E
1,F1)
ς2← · · · .
The infinitely near points of p in Mℓ are the points in
(ς1 ◦ ς2 ◦ · · · ◦ ςℓ)
−1(p) ∩ Sing(Fℓ)
that we can write as pj1j2···jℓ , with the “dendritic” property that
ςℓ(pj1j2···jℓ−1jℓ) = pj1j2···jℓ−1 .
Let us detail some consequences of Proposition 19 relative to plane sections at
an equireduction point p ∈ M . Take a two dimensional section (∆, p) ⊂ (M,p)
transverse to Sing(F). First of all, we consider the following remark:
Remark 25. In view of [30], we know that p is a simple point for ((M,p), E,F) if
and only if it is a simple point for the restriction ((∆, p), E ∩∆,F|∆).
If we consider a local holomorphic generator ω of F at p, without common factors
in its coefficients, we know that η = ω|∆ is a local generator of F|∆ and moreover
νΣ(ω) = νp(ω) = νp(η), Σ = (Sing(F), p).
This makes the blowing-ups ςi in the equireduction sequence 21 to be “compatible”
with the transversal section ∆. More precisely, the equireduction sequence induces
a sequence of blowing-ups ς¯i of the two-dimensional section ((∆, p), E ∩ ∆,F|∆)
with center at the points pj1j2···jℓ , in such a way that the following diagram is
commutative:
(22)
((∆, p), E ∩∆,F|∆)
ς¯1←− ((∆1, ς
−1
1 (p)), E
1 ∩∆1,F1|∆1)
ς¯2←− · · ·
↓ ↓
((M,p), E,F)
ς1←− ((M1, ς
−1
1 (p)), E
1,F1)
ς2←− · · ·
Looking at the diagram in Equation 22, we know that the sequence of the ς¯i desin-
gularizes the two dimensional foliated space ((∆, p), E ∩∆,F|∆), since we blow-up
each time at the singular points; hence we apply the existence of reduction of sin-
gularities in dimension two, see [36, 11]. As a consequence, at a finite step of the
equireduction sequence given in Equation 21, we reach a reduction of singularities
of ((M,p), E,F).
6.5. Relative Equireduction Points and Relative Transversality. Let us
introduce a version of the equireduction points relative to a fixed reduction of
singularities
π : ((M ′,K ′), E′,F ′)→ ((M,K), E,F)
as in Equation 16. We also introduce the locus of π-good points that will be essential
in our proof of the existence of divisorial models.
Let us take the notations introduced in Subsection 6.3. We define the locus
Zπ(F , E) of the points that are not points of π-equireduction as being
Zπ(F , E) = Z(F , E) ∪Bπ(F , E),
with Bπ(F , E) = ∪j∈Jπ (π1 ◦ π2 ◦ · · · ◦ πj)(Yj), where Jπ is the set of indices j in
{0, 1, . . . , s− 1} such that the center Yj of πj+1 has codimension at least three.
The complement M \ Zπ(F , E) is the set of π-equireduction points.
Remark 26. We have that Zπ(F , E) is a closed analytic subset of M of codimen-
sion at least three.
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If we take a point p ∈M \ Zπ(F , E), the morphism
πp : ((M
′, π−1(p)), E′,F ′)→ ((M,p), E,F)
is a “part of the equireduction sequence” in Equation 21, in the sense that there is
a finite step in the equireduction sequence that can be obtained from
((M ′, π−1(p)), E′,F ′)
by repeatedly blowing-up the singular locus.
Recall now that we have the decomposition π = π1 ◦ σ and that π
−1
1 (Y ) = E
1
1
is the exceptional divisor of the first blowing-up π1, where Y = Y0. Take a point
q ∈ E11 . Let us put p = π1(q) and denote by Fp = π
−1
1 (p) the fiber of p by π1. Recall
that Fp is isomorphic to a complex projective space of dimension equal to n−d−1,
where n = dimM and d = dimY . We say that q is a point of π1-transversality if
q /∈ Sing(F1) or q ∈ Sing(F1) and the germ (Σ, q) of the singular locus Sing(F1) at
q is non singular, it is contained in (E11 , q), it has codimension two in (M1, q) and,
moreover, we have the transversality property with respect to the fiber Fp given by
Tq(Fp) 6⊂ TqΣ, where Tq stands for the tangent space. Let us denote by T 1π ⊂ E
1
1
the locus of points that are not of π1-transversality.
Note that we have the closed analytic set Zσ(F1, E
1) defining the locus of points
in M1 that are not of σ-equireduction. The codimension of Zσ(F1, E1) in M1 is at
least three. We say that a point p ∈ Y is a π-bad point if and only if
dim
(
Zσ(F1, E
1) ∪ T 1π
)
∩ Fp ≥ n− d− 2, d = dimY.
Denote by Bπ ⊂ Y the set of π-bad points.
Lemma 7. The set Bπ is a closed analytic subset of Y such that Bπ 6= Y .
Proof. We know that dim
(
Zσ(F1, E1) ∪ T 1π
)
∩ Fp is the maximum
max{dim(Zσ(F1, E
1) ∩ Fp), dim(T
1
π ∩ Fp)}.
Hence Bπ = B
′ ∪B′′ where
B′ = {p ∈ Y ; dim(Zσ(F1, E
1) ∩ Fp) ≥ n− d− 2},
B′′ = {p ∈ Y ; dim(T 1π ∩ Fp) ≥ n− d− 2}.
Recall that the projection E11 → Y is a fibration with fiber P
n−d−1
C
. Since the
dimension of the fibers is upper semicontinuous, we see that both B′ and B′′ are
closed analytic subsets of Y . The codimension of Zσ(F1, E
1)∩E11 in E
1
1 is at least
two, hence there is a closed subset Z ′ ⊂ Y , with Z ′ 6= Y such that the codimension
of Zσ(F1, E1) ∩ Fp in Fp is at least two, for any p ∈ Y \ Z ′; in particular, we have
that B′ 6= Y .
Let us show now that B′′ 6= Y . Decompose the analytic subset Sing(F1)∩E11 of
E11 as a union
Sing(F1) ∩ E
1
1 = Σ1 ∪Σ2 ∪ · · ·Σt ∪R1,
where the Σi are the irreducible components of Sing(F1) that have codimension two
and that are contained in E11 , for i = 1, 2, . . . , t. The closed analytic set R1 ⊂ E
1
1
is the union of the intersection with E11 of the other irreducible components of
Sing(F1). Let us note that R1 has codimension at least two in E1 and that R1 ⊂ T 1π .
Moreover, we have that
T 1π = R1 ∪
t⋃
i=1
(Σi ∩ T
1
π).
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We have that B′′ = B′′1 ∪B
′′
2 ∪ · · · ∪B
′′
t ∪B
′′′, where
B′′i = {p ∈ Y ; dim(Σi ∩ T
1
π ∩ Fp) ≥ n− d− 2},
B′′′ = {p ∈ Y ; dim(R1 ∩ Fp) ≥ n− d− 2}.
Since the codimension of R1 in E
1
1 is at least two, we have that B
′′′ 6= Y .
Let us show that B′′i 6= Y , for i = 1, 2, . . . , t. If dimΣi∩T
1
π ≤ n−3, we are done.
Thus, we assume that dimΣi ∩ T 1π = n− 2 and hence Σi ⊂ T
1
π . Take U = Σi \ Υ,
where Υ is the set of singularities of the closed analytic set Sing(F1). The fact
that U ⊂ T 1π means that for any point q ∈ U we have that Tq(Fπ1(q)) ⊂ TqΣi.
This property implies that Σi is a union of fibers. Then, if B
′′
i = Y , we have that
Σi = E
1
1 , contradiction, since Σi is a hypersurface of E
1
1 .
We have a decomposition of Bπ into a finite union of strict closed analytic subsets
of Y . Since Y is irreducible, we conclude that Bπ 6= Y . 
Next Corollary is an important step in our proof of the existence of divisorial
models in higher dimension:
Corollary 7. There is a strict closed analytic subset Z ⊂ Y , Z 6= Y such that any
point p ∈ Y \ Z satisfies the following properties
(1) The center Y is equimultiple for F at the point p.
(2) There is a Mattei-Moussu transversal (∆, p) of F at p such that the strict
transform ∆1 of ∆ by π1,p intersects Sing(F1) transversely and only in
points of σ-equireduction.
Proof. Let C ⊂ Y be the points where Y is not equimultiple for F . We know that
C 6= Y is a strict closed analytic subset of Y . Now, take Z = C ∪Bπ, that is also a
strict closed analytic subset of Y . Let us show that Z satisfies the statement. Take
a point p ∈ Y \ Z. Since p /∈ C, it is a point of equimultiplicity of Y with respect
to F . Consider the fiber Fp of p; we know that it is a projective space of dimension
n− d− 1. Since p /∈ Bπ, we have that
dim
(
Zσ(F1, E
1) ∪ T 1π
)
∩ Fp ≤ n− d− 3, d = dimY.
This means that for a nonempty Zariski open set U of the grassmanian of lines ℓ
in the projective space Fp, we have the property that
ℓ ∩ (Zσ(F1, E
1) ∪ T 1π) = ∅.
We also know that for a nonempty Zariski open set W of the grassmanian of lines ℓ
in the projective space Fp, we have the property that ℓ meets transversely Sing(F1).
By the generic properties of Mattei-Moussu transversals, we can choose (∆, p)
for F such that the line ℓ = Fp ∩∆1 lies in U ∩W . The desired property follows
from the definition of the sets Zσ(F1, E1) and T 1π . 
7. Divisorial Models For Generalized Hypersurfaces
We introduce the definition of divisorial model as follows:
Definition 9. Consider a generalized hypersurface F on a non-singular complex
analytic variety M and a C-divisor D on M . We say that D is a divisorial model
for F at a point p in M if the following conditions hold:
(1) The support Supp(Dp) of the germ Dp of D at p is the union of the germs
at p of invariant hypersurfaces of F .
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(2) For any D-transverse map φ : (C2, 0) → (M,p), the C-divisor φ∗D is a
divisorial model for φ∗F .
We say that D is a divisorial model for F if it fulfils the above conditions at every
point p in M .
In view of Proposition 16, this definition extends the one for dimension two,
stated in Definition 7.
This Section is devoted to giving a proof of the following results:
Theorem 3. Every generalized hypersurface on (Cn, 0) has a divisorial model.
Proposition 20. Let D be a divisorial model for a generalized hypersurface F on
(Cn, 0). Then D is a non-dicritical C-divisor. Moreover, any other C-divisor is a
divisorial model for F if and only if it is projectively equivalent to D.
In order to build a divisorial model, we take a reduction of singularities π of
the generalized hypersurface F . There is a natural projective class of C-divisors
associated to the desingularized foliated space obtained from π. The divisorial
model will be a C-divisor that is transformed into this class by the reduction of
singularities. For technical convenience, we systematically consider foliated spaces
including a highlighted normal crossings divisor, although the concept of divisorial
model does not involve such a normal crossings divisor.
Note that the uniqueness part in Proposition 20 comes from the corresponding
fact in dimension two, just by taking a Mattei-Moussu transversal.
7.1. C-Divisors Associated to Desingularized Foliated Spaces. Let us con-
sider a foliated space ((M ′,K ′), E′,F ′) of generalized hypersurface type, where
K ′ is a connected and compact analytic subset of M ′. Let us take the following
hypothesis:
• There is a logarithmic 1-form η′ on (M ′,K ′) fully associated to F ′.
• The foliated space ((M ′,K ′), E′,F ′) is desingularized.
Remark 27. Consider a foliated space ((M,K), E,F) of generalized hypersurface
type, whereK is a connected and compact analytic subset ofM . Assume that there
is a logarithmic 1-form η on (M,K) fully associated to F and consider a reduction
of singularities
π : ((M ′,K ′), E′,F ′)→ ((M,K), E,F)
as in Equation 16. Then η′ = π∗η is a logarithmic 1-form on (M ′,K ′) fully asso-
ciated to F ′, in view of Proposition 11. We note that the existence of such η, and
hence η′, is assured when K = {0} is a single point.
In this subsection we build a C-divisor Dη
′
on (M ′,K ′), defining a divisorial
model for F ′ on (M ′,K ′), that is obtained from η′ in terms of residues.
Taking notations compatible with Subsection 6.3, we denote by S′ ⊂ M ′ the
union of invariant hypersurfaces of F ′ not contained in the divisor E′. We know
that S′ is a disjoint union of non singular hypersurfaces and D′ = E′ ∪ S′ is
also a normal crossings divisor on M ′. Since the irreducible components of E′
are invariant, we have that D′ is the union of all invariant hypersurfaces of F ′.
Accordingly with Subsection 6.3, we denote D′ = ∪j∈I∪BD′j the decomposition of
D′ into irreducible components, where E′ = ∪i∈IE
′
i and S
′ = ∪b∈BS
′
b.
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Taking in account Saito’s residue theory in [35] and noting thatD′ has the normal
crossings property, the residue Resp(η
′) of the germ of η′ at a point p ∈ K ′ ⊂ M ′
is an element
Resp(η
′) ∈ ⊕j∈Ip∪BpOD′j ,p,
where Ip = {i ∈ I; p ∈ E′i} and Bp = {b ∈ B; p ∈ H
′
b}. Note that Bp is empty
(corner points) or it has exactly one element (trace points) in view of the descrip-
tion of simple points in Subsection 6.1. More generally, the residues induce global
holomorphic functions
(23) fj : D
′
j → C, j ∈ I ∪B.
Let us note that each D′j is a germ along D
′
j ∩ K
′. Thus, the functions fj are
constant along the connected components of the compact sets D′j ∩K
′.
More precisely, following Saito’s Theory, we have local coordinates at p that can
be labelled as (xj ; j ∈ Ip ∪Bp)∪ (ys; s ∈ A) such that the germ η′p of η
′ at p can be
written as
η′p =
∑
j∈Ip∪Bp
f˜j
dxj
xj
+ α, f˜j |D′
j
= fj ,
where α is a germ of holomorphic 1-form and moreover, the functions f˜j satisfy
that ∂f˜j/∂xj = 0, that is f˜j does not depend on the coordinate xj . By evaluating
fj at the point p, we get a local C-divisor Dη′,p defined by
(24) Dη′,p =
∑
j∈Ip∪Bp
fj(p)Divp(D
′
j).
Proposition 21. There is a C-divisor Dη
′
on (M ′,K ′) such that the germ Dη
′
p of
Dη
′
at any p ∈ K ′ satisfies that Dη
′
p = Dη′,p.
Proof. The residual functions fj of Equation 23 are constant along each connected
component of K ′ ∩ D′j , for j ∈ I ∪ B. We have only to remark that the compact
set K ′ ∩D′j is connected for any j ∈ I ∩B; otherwise D
′
j would not be irreducible,
since each connected component of K ′ ∩D′j determines a connected component of
D′j as a germ of hypersuface. 
Remark 28. The C-divisor Dη
′
is a divisorial model for F ′. The proof of this state-
ment is a consequence of the more general results in Subsection 7.3, by considering
a trivial reduction of singularities.
7.2. The C-Divisor Induced by a Reduction of Singularities. Let us consider
a foliated space ((M,K), E,F) of generalized hypersurface type, where K is a
connected and compact analytic subsetK ⊂M . Assume that we have a logarithmic
1-form η on (M,K) fully associated to F . It is not evident how to define a C-
divisor associated to η as in Subsection 7.1, unless we are in the situation of normal
crossings outside a subset of codimension ≥ 3, described in Saito [35] and also in
[18]. In this subsection we do it, once we have fixed a reduction of singularities
of ((M,K), E,F). More precisely, this subsection is devoted to the proof of the
following result:
Theorem 4. Consider a foliated space ((M,K), E,F) of generalized hypersurface
type, where K is a connected and compact analytic subset of M . Let η be a loga-
rithmic differential 1-form on (M,K) fully associated to F . Given a reduction of
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singularities
π : ((M ′,K ′), E′,F ′)→ ((M,K), E,F),
there is a unique C-divisor Dηπ of (M,K) such that π
∗(Dηπ) = D
η′ , where η′ = π∗η.
Moreover Dηπ is non dicritical.
Remark 29. We know that Theorem 4 is true when dimM = 2. Let us see this.
Assume that dimM = 2 and take a logarithmic differential 1-form η fully associated
to F . We have that η′ = π∗η is locally given at the singular points p ∈ K ′ as
η′ = (λ+ a(x, y))
dx
x
+ (µ+ b(x, y))
dy
y
,
where xy = 0 is a local equation of S′ ∪ E′ at p. The coefficient in Dη
′
of the
irreducible component of S′ ∪E′ of equation x = 0 is equal to λ. This tells us that
Dη
′
is a divisorial model for F ′. Consider now a divisorial model D for F , it exists
in view of Theorem 2. By Corollary 5, the pullback π∗D is a divisorial model for
F ′. Recall that two divisorial models are projectively equivalent, by Theorem 2.
Noting that the supports are connected (each component of the support intersects
the connected subset K ′ = π−1(0)), there is a non-zero scalar µ ∈ C such that
Dη
′
= µπ∗D. If we take Dηπ = µD, we obtain that π
∗(Dηπ) = D
η′ . The non-
dicriticalness of Dηπ is also a consequence of the fact that it is a divisorial model for
F , in view of the statement of Theorem 2.
From now on, let us take the general notations introduced in Subsection 6.3.
Let us recall that I\I0 = {1, 2, . . . , s}, where s is the length of π as a composition
of a sequence of blowing-ups. We assume that s ≥ 1, otherwise we take Dηπ = D
η
and we are done. Let us recall also the decomposition π = π1 ◦ σ, where π1 is the
first blowing-up and σ is a composition of s− 1 blowing-ups.
Let us show that Dηπ is necessarily unique. If we write D
η′ =
∑
j∈I∪B λjD
′
j, the
condition π∗(Dηπ) = D
η′ implies that
(25) Dηπ =
∑
j∈I0∪B
λjDj .
Then Dηπ is unique, if it exists. From now on, we fix D
η
π as being the one given by
Equation 25.
Let us see that Dηπ is a non-dicritical C-divisor, under the assumption that
π∗(Dηπ) = D
η′ . We know that Dη
′
is non-dicritical, by applying Corollary 2. More-
over, for any i ∈ {1, 2, . . . , s}, the i-blowing-up is non dicritical, since λi 6= 0.
Hence π is a composition of admissible non-dicritical blowing-ups for Dηπ. Since
Dη
′
is non-dicritical, by Corollary 1 we conclude that Dηπ is non-dicritical.
Finally, we have to verify that π∗(Dηπ) = D
η′ .
We proceed by induction on the length s of the reduction of singularities π, using
the fact that Theorem 4 is true when n = 2. Let us put η1 = π
∗
1η. We have that
the logarithmic 1-form η1 is fully associated to F1 and η′ = σ∗η1. Our induction
hypothesis implies that the statement of Theorem 4 is true for the morphism
σ : ((M ′,K ′), E′,F ′)→ ((M1,K1), E
1,F1).
This means that σ∗(Dη1σ ) = D
η′ . Then, in order to show that π∗(Dηπ) = D
η′ ,
we have only to verify that π∗1(D
η
π) = D
η1
σ . This is equivalent to saying that the
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following equality holds:
(26) λ1 =
∑
j∈JY
λjνY (Dj),
where JY = {j ∈ I0 ∪B; Y ⊂ Dj}.
Remark 30. Take a point p ∈ Y , not necessarily in Y ∩K, but close enough to K.
Assume that p is a point of equimultiplicity for F ; then, for any Dj , with j ∈ I0∪B,
we have that νp(Dj) = νY (Dj). In this case, we have the equality
(27) JY = {j ∈ I0 ∪B; p ∈ Dj}.
Let us take a point p ∈ Y \ Z and a Mattei-Moussu transversal (∆, p) as stated
in Corollary 7. We recall that π induces a morphism πp as in Equation 18 that
splits as πp = π1,p ◦ σp as in Equation 19. Moreover, the morphism π induces a
two-dimensional reduction of singularities of foliated spaces of generalized curve
type that we denote as:
(28) π¯p : ((∆
′, E′(p)), E′(p),F ′|∆′)→ ((∆, p), ∅,F|∆), E
′(p) = ∆′ ∩ π−1(p),
where ∆′ is the strict transform of ∆ by π. The reader may find similar situations
in [15]. In view of the equireduction properties, there is an increasing sequence of
integers
(29) ℓ1 = 1 < ℓ2 < · · · < ℓr ≤ s, TY = {1, ℓ2, . . . , ℓs},
depending only on Y with the following property: for any j = 1, 2, . . . , s, the inverse
image K ′p = π
−1(p) intersects D′j if and only if j ∈ TY . We have that
E′(p) = ∪t∈TY (∆
′ ∩ E′t)
is the decomposition into irreducible components of E′(p) = π¯−1p (p). We can de-
compose π¯p as π¯p = π¯1,p ◦ σ¯p where
π¯1,p : ((∆1, E
1(p)), E1(p),F1|∆1) → ((∆, p), ∅,F|∆), E
1(p) = ∆1 ∩ π
−1
1 (p),
σ¯p : ((∆
′, E′(p)), E′(p),F ′|∆′) → ((∆1, E
1(p)), E1(p),F1|∆1),
where ∆1 is the strict transform of ∆ by π1.
Since (∆, p) is a Mattei-Moussu transversal, we have that η¯ = η|∆ is a logarithmic
differentiable 1-form fully associated to F|∆. Moreover, we know that ∆1 is also a
Mattei-Moussu transversal for F1 in all the points of E1(p), then η¯1 = η1|∆1 is also
a logarithmic 1-form fully associated to F1|∆1 . By the same reason, we see that
η¯′ = η′|∆′ is a logarithmic 1-form fully associated to F ′|∆′ . On the other hand, an
elementary functoriality assures that
(30) η¯′ = π¯∗p(η¯) = σ¯
∗
p(η¯1), η¯1 = π¯
∗
1,p(η¯).
Note that ((M ′,K ′p), E
′,F ′) is desingularized. Then, we can follow the construc-
tion in Subsection 7.1 to obtain a C-divisor Dη
′
p , defined in (M
′,K ′p) and associated
to the logarithmic 1-form η′. To be precise, the C-divisor Dη
′
p is associated to the
germ of η′ along K ′p; this germ may be considered for p close enough to K, by
taking appropriate representatives.
42 FELIPE CANO AND NURIA CORRAL
We can write the C-divisor Dη
′
p on (M
′,K ′p) and the C-divisor D
η
πp on (M,p) as
Dη
′
p =
∑
j∈JY
λj(p)DivK′p(D
′
j) +
∑
j∈TY
λj(p)DivK′p(D
′
j),(31)
Dηπp =
∑
j∈JY
λj(p)Divp(Dj).(32)
We denote by DivK′p(D
′
j) the germ of D
′
j along K
′
p = π
−1(p). In the same way,
we denote by Divp(Dj) the germ of Dj at the point p. Note that Equation 31 is
written without null coefficients.
Remark 31. Recall that K ′p = π
−1(p). If p ∈ K, we have that K ′p ⊂ K
′ and the
reader can verify that Dη
′
p is just the germ of D
η′ along π−1(p). In this case, we
have that
(33) λj(p) = λj , for any j ∈ JY ∪ TY .
When p is not in the germification set K, we describe further the relationship
between Dη
′
p and the germ of D
η′ along π−1(p).
The following Lemma 8 is our first step in the proof of Theorem 4:
Lemma 8. Under the induction hypothesis, we have that
(34) λ1(p) =
∑
j∈JY
λj(p)νY (Dj)
and thus π∗p(D
η
πp) = D
η′
p .
Proof. By induction hypothesis, we have that σ∗p(D
η1
σp) = D
η′
p . Reasoning as before,
we have that Equation 34 holds if and only if π∗p(D
η
πp) = D
η′
p .
We know that the C-divisor Dη¯
′
on (∆′,K ′p), the C-divisor D
η¯1
σ¯p on (∆1,K1,p)
and the C-divisor Dη¯π¯p on (∆, p) are given by
Dη¯
′
= Dη
′
p |∆′ , D
η¯1
σ¯p = D
η1
σp |∆1 , D
η¯
π¯p = D
η
πp |∆.
Recalling that Theorem 4 is true for two dimensional ambient spaces, we have
π¯∗p(D
η¯
π¯p) = D
η¯′ , σ¯∗p(D
η¯1
σ¯p) = D
η¯′ , π¯∗1,p(D
η¯
π¯p) = D
η¯1
σ¯p .
The property π¯∗1,p(D
η¯
π¯p) = D
η¯1
σ¯p gives us that Equation 34 holds, as follows. The
coefficient µ(p) of Div(E11 ∩∆1) in π
∗
1,p(D
η¯
π¯p) is given by
µ(p) =
∑
j∈JY
λj(p)νp(Dj ∩∆).
Recalling that (∆, p) is a Mattei-Moussu transversal, we have that
νp(Dj ∩∆) = νp(Dj), for any j ∈ JY .
Since p is a point of Y -equimultiplicity for the generalized hypersurface F , we have
that νp(Dj) = νY (Dj), for all j ∈ JY . We conclude that
µ(p) =
∑
j∈JY
λj(p)νY (Dj).
On the other hand, the coefficient of Div(E11 ∩∆1) in D
η¯1
σ¯p is equal to λ1(p). Since
π¯∗1,p(D
η¯
π¯p) = D
η¯1
σ¯p , he have that λ1(p) = µ(p) and we are done. 
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In view of Remark 31 and Equation 33, if we can choose p ∈ K, the equality in
Equation 26 holds and we are done. This is the situation when Y = {p} and more
generally when Y ⊂ K.
We have to consider the case when we cannot chose p ∈ K. This means that
Y ∩K ⊂ Z, where Z ⊂ Y is the closed analytic subset presented in Corollary 7.
We end with the following lemma:
Lemma 9. For any j ∈ JY and p ∈ Y \ Z, we have that λj/λ1 = λj(p)/λ1(p).
Proof. Consider the reduction of singularities π¯p as in Equation 28. For any index
ℓ ∈ JY ∪ TY , let us denote D′ℓ(p) = D
′
ℓ ∩∆
′. The exceptional divisor of π¯p is
E′(p) = π¯−1p (p) = ∪t∈TY D
′
t(p)
and π¯p is a composition of r blowing-ups, the morphisms corresponding to the
indices t ∈ TY . By connectedness of the dual graph of π¯p, there is a finite sequence
(tu)
v+1
u=1 of elements of TY ∪ {j}, with t1 = 1, tv+1 = j such that
D′tu(p) ∩D
′
tu+1(p) 6= ∅, u = 1, 2, . . . , v.
Take a point qu ∈ D′tu(p) ∩ D
′
tu+1(p), for u = 1, 2, . . . , v. By the local description
of simple singularities in dimension two, we have that
CSqu(F
′|∆′ , D
′
tu(p)) = −λtu+1(p)/λtu(p),
see Remark 16. The Camacho-Sad index CSqu(F
′|∆′ , D′tu(p)) is the Camacho-Sad
index of the transversal type of F ′ along D′tu ∩D
′
tu+1 . It can be read locally at the
points in (D′tu ∩D
′
tu+1) ∩K
′, from the germ of the 1-form η′ along K ′. We deduce
that
CSqu(F
′|∆′ , D
′
tu(p)) = −λtu+1/λtu .
Hence λtu+1(p)/λtu(p) = λtu+1/λtu for any u = 1, 2, . . . , v. Making the product of
these equalities, we conclude that λj(p)/λ1(p) = λj/λ1 and we are done. 
As a consequence of Lemmas 8 and 9, we obtain that Equation 26 holds. This
ends the proof of Theorem 4.
7.3. Existence of Divisorial Models. We apply first Theorem 4 to a reduction
of singularities
π : ((M ′,K ′), E′,F ′)→ ((Cn, 0), ∅,F), K ′ = π−1(0),
of the foliated space ((Cn, 0), ∅,F). That is, we take an integrable logarithmic
differential 1-form η fully associated to F , we consider the C-divisor D′ = Dη
′
on
M ′, where η′ = π∗η and finally, we consider the C-divisor D on (Cn, 0) defined by
the property π∗D = D′, whose existence has been shown in Theorem 4. We are
going to verify that D is a divisorial model for F . Note that the support of D is
the union D of the invariant hypersurfaces of F .
Consider a D-transverse holomorphic map φ : (C2, 0)→ (Cn, 0). By Proposition
23 in the Appendix I, there is a commutative diagram of holomorphic maps
(35)
(C2, 0)
σ
←− (N ′, σ−1(0))
↓ φ ↓ ψ
(Cn, 0)
π
← (M ′, π−1(0))
such that σ is the composition of a finite sequence of blowing-ups.
Lemma 10. In the above situation, we have that φ∗F exists and σ∗(φ∗F) = ψ∗F ′.
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Proof. Let ω be an integrable holomorphic 1-form defining F , without common
factors in its coefficients. Assume that φ∗ω 6= 0, then we are done. Indeed, in this
case φ∗F is defined by φ∗ω, since σ is a sequence of blowing-ups, we have that
σ∗(φ∗ω) 6= 0 and σ∗(φ∗F) is defined by the nonzero 1-form σ∗(φ∗ω). Noting that
σ∗(φ∗ω) = (φ ◦ σ)∗ω = (π ◦ ψ)∗ω = ψ∗(π∗ω),
we conclude that φ∗F exists and σ∗(φ∗F) = ψ∗F ′.
Let us show that φ∗ω 6= 0. Assume by contradiction that φ∗ω = 0. Take an
analytic germ of curve (Γ, 0) such that φ(Γ) 6⊂ D. The existence of such a (Γ, 0)
is guarantied by the hypothesis that Im(φ) 6⊂ D. The assumption that φ∗ω = 0
implies that (φ(Γ), 0) is an invariant germ of curve of F . Taking a reduction of
singularities of D, that induces a reduction of singularities of F , we see that any
germ of invariant curve must be contained in D. Contradiction. 
In view of Proposition 15, in order to prove that φ∗D is a divisorial model for
φ∗F , it is enough to prove that σ∗(φ∗D) is a divisorial model for σ∗(φ∗F). By
Lemma 10 above, we have that σ∗(φ∗F) = ψ∗F ′. Moreover, we also have
σ∗(φ∗D) = ψ∗D′.
Thus, we have to verify that ψ∗D′ is a divisorial model for ψ∗F ′.
Let us work locally at a point p ∈ σ−1(0) and put q = ψ(p). First of all, we take
local coordinates (x1, x2, . . . , xn) at q such that the foliation F ′ is locally given at
q by an integrable meromorphic 1-form
η′ =
τ∑
i=1
(λi + fi(x1, x2, . . . , xτ ))
dxi
xi
, fi(0, 0, . . . , 0) = 0,
where
∑τ
i=1 niλi 6= 0 for any n ∈ Z
τ
≥0 \{0}. Recall that then the total transform of
D is locally given at q by the union of the hyperplanes xi = 0, with i = 1, 2, . . . , τ .
Moreover, we know that the C-divisor D′ is locally given at q by
D′ =
τ∑
i=1
λi(xi = 0).
We have to show that ψ∗D′ is a divisorial model for ψ∗F ′ at p. We apply now
Proposition 22 in the Appendix I as follows. Take the list of functions
L′p = {ψi,p}
τ
i=1,
where ψi = xi ◦ψ, for i = 1, 2, . . . , τ and ψi,p denotes the germ at p of ψi. There is
a composition of blowing-ups centered at points
σ′ : (N ′′, σ′−1(p))→ (N ′, p)
in such a way that the transformed list L′′ = {fi}τi=1 is desingularized, where
fi = ψi,p ◦ σ′, see Appendix I. In particular, for any point p′ ∈ σ′−1(p), there are
local coordinates u, v such that for any i ∈ {1, 2, . . . , τ} with fi,p′ 6= 0, there is a
unit Ui,p′ ∈ ON ′′,p′ and (ai, bi) ∈ Z2≥0 with fi,p′ = Ui,p′u
aivbi ; note also that we
have ai + bi ≥ 1, since σ′(p′) = p.
Now, in order to prove that ψ∗D′ is a divisorial model for ψ∗F ′ at p, it is
enough to prove that σ′
∗
(ψ∗D′) is a divisorial model for σ′∗(ψ∗F ′) at any point p′
of σ′
−1
(p). By the local expression of ψ ◦ σ′ at p′ in appropriate local coordinates
u, v, we conclude that σ′
∗
ψ∗F ′ is generated by
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σ′
∗
ψ∗η′ =
(
τ∑
i=1
aiλi + g(u, v)
)
du
u
+
(
τ∑
i=1
biλi + h(u, v)
)
dv
v
+ α,
where α is a holomorphic 1-form.
Put µ1 =
∑τ
i=1 aiλi and µ2 =
∑τ
i=1 biλi. We know that not all the germs
of functions fi,p′ are identically zero, for i = 1, 2, . . . τ ; this would imply that
σ′
∗
ψ∗η′ = 0 and this is not possible since we know that ψ∗η′ 6= 0. Then, some
of the ai, bi are nonzero and by the non resonance properties either µ1 or µ2 are
nonzero. Say that µ1 6= 0, since we are dealing with generalized hypersurfaces,
there are no saddle-nodes, and then µ1µ2 6= 0 or we have a non-singular foliation,
in the sense that µ2 + h(u, v) is identically zero. Now, we have that
σ′
∗
ψ∗D′ = µ1(u = 0) + µ2(v = 0)
locally at p′. Hence σ′
∗
ψ∗D′ is a divisorial model for σ′∗(ψ∗F ′) at p′. This ends
the proof of Theorem 3.
8. Logarithmic Models
Let F be a generalized hypersurface over (M,K) where M is a germ of non-
singular complex analytic variety over a connected and compact analytic subset
K ⊂ M . Let us assume that D is a divisorial model for F . By definition, any
D-logarithmic foliation L on (M,K) is a logarithmic model for F .
In the case of K = {0} and hence (M,K) = (Cn, 0), the existence of logarithmic
models is assured. Indeed, by Theorem 3 there is a divisorial model D for F , that
we can write
D =
s∑
i=1
λiSi.
Choosing a reduced local equation fi = 0 for each Si, the closed logarithmic 1-form
η =
∑s
i=1 dfi/fi generates a logarithmic model L. This gives sense to the main
theorem stated in the Introduction.
Let us state certain properties of logarithmic models that are directly deduced
from the results presented in this work:
(1) If (M,K) = (C2, 0), a logarithmic foliation L is a logarithmic model for a
generalized curve F if and only if L and F have the same Camacho-Sad
indices with respect to the invariant branches.
(2) Assume that π : ((M ′,K ′), E′,F ′) → ((M,K), E,F) is the composition
of a finite sequence of admissible blowing-ups, where ((M,K), E,F) is a
foliated space of generalized hypersurface type. If L is a logarithmic model
for F , then π∗L is a logarithmic model for F ′.
(3) Let F be a generalized hypersurface on (Cn, 0) and denote by S the union
of its invariant hypersurfaces. Consider a logarithmic foliation L on (Cn, 0).
The following statements are equivalent:
(a) L is a logarithmic model for F .
(b) For any S-transverse map φ : (C2, 0)→ (Cn, 0) we have that φ∗L is a
logarithmic model for φ∗F .
A question for the future is to develop a similar theory concerning the dicritical
case. In dimension two, some results are known [12].
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9. Appendix I
We recover here results in Proposition 22 and Proposition 23 concerning the
reduction of singularities of lists of functions in dimension two and the lifting of
morphisms by a sequence of blowing-ups. These results are well known. We just
state the first one and we prove the second one as a consequence of it. Let us note
that there are stronger results on monomialization of morphisms by D. Cutkosky
[22] and Akbulut and King (Chapter 7 of [1], according to [22]); we do not need
the use of such strong versions in this work.
Let N be a two dimensional complex analytic variety and consider a finite list
L = {fi}
t
i=1, where fi;N → C is a holomorphic function for i = 1, 2, . . . , t. Given
a point p ∈ N , denote by Lp = {fi,p}ti=1 the list of germs at p of the functions
fi. We say that L is desingularized at p ∈ N , or equivalently that the list Lp is
desingularized, if and only if there are local coordinates (u, v) at p such that the
following two properties hold:
(1) For any i ∈ {1, 2, . . . , t} with fi,p 6= 0, there is a unit Ui,p ∈ ON,p and
(ai, bi) ∈ Z2≥0 such that fi,p = Ui,pu
aivbi .
(2) Given i, j ∈ {1, 2, . . . , t}, if fi,p does not divide fj,p, then fj,p divides fi,p.
We say that L is desingularized when it is desingularized at any point p ∈ N . This
is an open property, in the sense that the points where L is desingularized are the
points of an open subset of N . Given a morphism σ : N ′ → N , the transform σ∗L
of the L is the list in N ′ defined by
σ∗L = {fi ◦ σ}
t
i=1
Next, we state a well known result of desingularization of lists of functions:
Proposition 22. Let L = {fi}ti=1 be a list of functions on a non singular two-
dimensional holomorphic variety (N,C), that is a germ along a compact set C ⊂ N .
There is a morphism
σ : (N ′, σ−1(C))→ (N,C),
that is the composition of a finite sequence of blowing-ups centered at points, in
such a way that the transformed list σ∗L = {fi ◦ σ}ti=1 is desingularized.
Proof. This result is an easy consequence of the classical results of desingularization
for plane curves. The reader may look at [29]. 
Remark 32. The above proposition 22 is true without restriction on the dimension
of N (with similar definition of what is a desingularized list). This is a consequence
of Hironaka’s reduction of singularities in [25].
Proposition 23. Let φ : (N,C) → (M,K) be a holomorphic map between con-
nected germs of non-singular analytic varieties along compact sets, where dimN =
2. Consider a morphism π : (M ′, π−1(K)) → (M,K) that is the composition of
a finite sequence of blowing-ups with non singular centers. Let us assume that the
image of φ is not contained in the projection by π of the centers of blowing-up.
Then, there is a morphism
σ : (N ′, σ−1(C))→ (N,C)
that is the composition of a finite sequence of blowing-ups centered at points, in
such a way that there is a unique morphism ψ : (N ′, σ−1(C))→ (M ′, π−1(K)) such
that φ ◦ σ = π ◦ ψ.
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Proof. Let us show first that the result is true in the special case that
(N,C) = (C2, 0), (M,K) = (Cn, 0)
and π is the single blowing-up with center Y = (x1 = x2 = · · · = xt = 0). Consider
the list of functions L = {φi}ti=1, where φi = xi ◦ φ. Take a desingularization
σ : (N ′, σ−1(0))→ (C2, 0),
of L as stated in Proposition 22, where L′ = {ϕi}ti=1 is the transformed list, recalling
that ϕi = φi ◦ σ.
Let us represent φ by a morphism φU : U → V where U ⊂ C2 is a connected
open neighborhood of the origin 0 ∈ C2 and V = Dnǫ ⊂ C
n is a poly-cylinder around
the origin in such a way that the center of π is represented by
Y = (x1 = x2 = · · · = xt = 0) ⊂ V.
We also consider the morphism σU : U
′ → U obtained by the same blowing-ups
indicated by σ and we denote by πV : V
′ → V the blowing-up with center Y .
Let us put φi,U = xi ◦ φU and ϕi,U ′ = φi,U ◦ σU . Since the property of being
desingularized is open, by taking U small enough, we can assume that the list
L′U ′ = {ϕi,U ′}
t
i=1 is desingularized at any point of U
′.
In this situation, let us show that there is a unique holomorphic map
ψU ′ : U
′ → V ′
such that φU ◦σU = πV ◦ψU ′ . More precisely, we are going to prove that given any
nonempty open subset W ⊂ U ′, there is a unique holomorphic map
ψW :W → V
′
such that φU ◦ (σU |W ) = πV ◦ ψW .
Let us recall how is constructed the blowing-up πV . Take the projective space
Pt−1
C
and consider the closed subset Z ⊂ Pt−1
C
× Dtǫ given by
Z = {([a1, a2, . . . , at], (b1, b2, . . . , bt)); aibj = ajbi, 1 ≤ i, j ≤ t}.
The blowing-up π˜ of the origin of Dtǫ is the second projection π˜ : Z → D
t
ǫ. The
blowing-up of V = Dtǫ × D
n−t
ǫ with center Y is the product
π = π˜ × id
D
n−t
ǫ
: Z × Dn−tǫ → D
t
ǫ × D
n−t
ǫ = V.
Now, let us show the existence and uniqueness of ψW .
Let us consider the open subsetW0 ⊂W defined byW0 = W \σ
−1
U (φ
−1
U (Y )). By
hypothesis, we know that W0 is a dense open subset of W . The uniqueness of ψW
is then implied by the uniqueness of ψW0 . Take p ∈ W0 and consider the vectors
vt(p) = (ϕ1,U ′(p), ϕ2,U ′ (p), . . . , ϕt,U ′(p))
vn−t(p) = (ϕt+1,U ′(p), ϕt+2,U ′ (p), . . . , ϕn,U ′(p)).
Since p ∈W0, we see that vt(p) is not identically zero and we necessarily have that
(36) ψW (p) = ([v
t(p)],vt(p),vn−t(p)).
This shows the uniqueness of ψW .
Now take a point p ∈W ; we denote ϕi,p the germ of ϕi,U ′ at p, even in the case
when p /∈ σ−1(0). Consider the set
Ip = {i ∈ {1, 2, . . . , t}; ϕi,p divides ϕj,p, for any j ∈ {1, 2, . . . , t}}.
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Let us note that Ip 6= ∅. Indeed, saying that Ip = ∅ means that ϕi,p = 0 for all
i = 1, 2 . . . , t, this implies that ϕi,U ′ = 0 and thus φi,U = 0 for any i = 1, 2, . . . , t;
this contradicts the hypothesis that the image of φ is not contained in Y . Let us
choose an index i ∈ Ip. Define the germs
ϕji,p =
{
ϕj,p/ϕi,p if 1 ≤ j ≤ t,
ϕj,p if t+ 1 ≤ j ≤ n.
Note that ϕii,p = 1. We can define the germ ψp of ψW by
ψp = ([ϕ1i,p, ϕ2i,p, . . . , ϕti,p], ϕ1i,p, ϕ2i,p, . . . , ϕti,p, ϕt+1,i,p, . . . , ϕni,p).
The definition does not depend on the index i ∈ Ip and the uniqueness is guarantied
since the restriction to W0 is as indicated in Equation 36.
Let us consider now the case where π : (M ′, π−1(K)) → (M,K) is a single
blowing-up with center (Y, Y ∩K) and φ : (N,C)→ (M,K) is as in the statement.
Once this case is solved, we obtain directly the general case by induction on the
number of blowing-ups in π.
In view of the previous result, for any point p ∈ N there is an open set Up ⊂ N
with p ∈ Up and a finite sequence of blowing-ups over p
σUp : U
′
p → Up
such that for any open subset W ′ ⊂ U ′p there is a unique map ψW ′ :W
′ →M ′ such
that φ ◦ (σUp |W ′) = π ◦ ψW ′ . Note that
ψW ′ = ψU ′p |W ′ ,
for any open set W ′ ⊂ U ′p. By the compactness of C ⊂ N , we can cover C by
finitely many open subsets of the type Up, with p ∈ C. That is, there are finitely
many points p1, p2, . . . , pr in C such that
C ⊂ ∪ri=1Ui, Ui = Upi , i = 1, 2, . . . , r.
Without loss of generality, we assume that pj /∈ Ui, if j 6= i. We can glue the
morphisms σUi : U
′
i → Ui into a morphism
σU : U
′ → U = ∪ri=1Ui,
is such a way that we identify U ′i = σ
−1
U (Ui). Of course, the morphism σU is the
composition of a sequence of blowing-ups points, over the points p1, p2, . . . , pr. Note
that σU induces a morphism of germs
σ : (N ′, σ−1(C))→ (N,C),
where (N ′, σ−1(C)) is represented by (U ′, σ−1U (C) and (N,C) by (U,C). On the
other hand, by the uniqueness property, we have that
ψU ′
i
|U ′
i
∩U ′
j
= ψU ′
j
|U ′
i
∩U ′
j
.
Then, we can also glue the morphisms ψU ′
i
to a morphism ψU ′ : U
′ →M ′ such that
φ ◦ σU = π ◦ ψU ′ .
We have an induced morphism of germs ψ : (N ′, σ−1(C)) → (M ′, π−1(K)) with
the property that π ◦ ψ = φ ◦ σ. This ends the proof. 
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10. Appendix II
Here we provide a proof of Proposition 17. Recall that we have a foliated space
((M,K), E,F) of generalized hypersurface type and a point p ∈ K. We have to
show that the following statements are equivalent
(1) The point p is a simple point for ((M,K), E,F).
(2) LogOrdp(F , E) = 0.
We have that (1) implies (2) as a direct consequence of the definition of simple
point in Subsection 6.1.
Let us suppose that LogOrdp(F , E) = 0. We assume that the dimensional type
τ is equal to n. The case when τ < n may be done in the same way. Moreover,
since we are working locally at p, we identify (M,p) = (Cn, 0) and we work at the
origin of Cn. Choose local coordinates x1, x2, . . . , xn such that E = (
∏e
i=1 xi = 0).
Let us see first that n − 1 ≤ e ≤ n. If this is not the case, we have e ≤ n − 2
and one of the following expressions holds for a local generator η of F (up to a
reordering and to multiply by a unit)
a) η = dx1/x1 +
∑e
i=2 aidxi/xi + ae+1dxe+1 + ae+2dxe+2 +
∑n
i=e+3 aidxi.
b) η =
∑e
i=1 aidxi/xi + dxe+1 + ae+2dxe+2 +
∑n
i=e+3 aidxi.
This situation does not hold, since we can find a non-singular vector field ξ such
that η(ξ) = 0, hence ξ trivializes the foliation and τ < n. The vector field ξ can be
taken as follows
ξ =
{
ae+1x1∂/∂x1 − ∂/∂xe+1, in case a)
ae+2∂/∂xe+1 − ∂/∂xe+2, in case b)
Thus, we conclude that n− 1 ≤ e ≤ n. Note that, even when e = n− 1, the case
a) above does not hold. Then, we have that e = n or e = n − 1 and one of the
following situations holds:
i) η = dx1/x1 +
∑n
i=2 aidxi/xi.
ii) η =
∑n−1
i=1 aidxi/xi + dxn, with ai(0) = 0, for i = 1, 2, . . . , n− 1.
Assume first we are in the situation i) and put λ1 = 1, λi = ai(0), for i = 2, 3, . . . , n.
We have to show that there is no resonance
∑n
i=1miλi = 0 with m 6= 0, for
m = (m1,m2, . . . ,mn). Let us reason by contradiction, assuming that there is such
a resonance. Note that there is at least one mi 6= 0 with 2 ≤ i ≤ n. Up to a
reordering, we assume that m2m3 · · ·mℓ 6= 0 and mi = 0 for ℓ < i ≤ n. Consider
the map φ : (C2, 0)→ (Cn, 0) given by
x1 = uv
m1 , x2 = v
m2 , . . . , xℓ = v
mℓ ; xi = 0, if ℓ < i ≤ n.
Then we have
φ∗η =
du
u
+ b(u, v)
dv
v
,
where b(u, v) = m1λ1+
∑ℓ
i=2miai(uv
m1 , vm2 , . . . , vmℓ , 0, . . . , 0). Note that b(0, 0) =
0, since
∑n
i=1miλi = 0. We have two possible situations:
(1) The function b(u, v) is not divisible by v. In this case, we have that φ∗η
defines a saddle-node. This is not possible, since F is complex-hyperbolic.
(2) We have that b(u, v) = vb′(u, v). Then φ∗F is defined by the non-singular
1-form du + ub′(u, v)dv. We know that there is a unit U(u, v) such that
du + ub′(u, v)dv = d(uU(u, v)) and we take new local coordinates u∗ =
uU(u, v) and v. We have that φ∗F = (du∗ = 0) and φ(v = 0) is the
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origin. This implies that F is dicritical, but this is not possible since it is
a generalized hypersurface.
Assume now that we are in the situation ii). We are going to show the existence
of a non-singular hypersurface H having normal crossings with E such that we
get a simple corner for F with respect to E ∪ H . Note that H should have an
equation xn = f(x1, x2, . . . , xn−1). If we do this, we are done, since we are in
situation i) with respect to E ∪H . In particular, we are done when xn divides ai
for i = 1, 2, . . . , n− 1. Let us rename the variables as
y = (y1, y2, . . . , yn−1) = (x1, x2, . . . , xn−1), z = xn.
We end the proof by providing a coordinate change z∗ = z−f(y) with the property
that z∗ = 0 is an invariant hypersurface of F . The existence of such a coordinate
change depends upon certain non-resonances in η, that will nor occur thanks to the
hypothesis that F is a generalized hypersurface. Let us precise this. We write
(37) η = z(ω0 + ω˜) + ω
′ + dz,
where ω0 =
∑n−1
i=1 µidyi/yi, ω˜ =
∑n−1
i=1 a˜i(y, z)dyi/yi and ω
′ =
∑n−1
i=1 a
′
i(y)dyi/yi,
with µi ∈ C, a˜i(0, 0) = 0 and a′i(0) = 0, for i = 1, 2, . . . , n− 1.
Lemma 11. In the above situation, for any m = (m1,m2, . . . ,mn−1) ∈ Z
n−1
≥0 , with
m 6= 0, we have that ω0 +
∑n−1
i=1 midyi/yi 6= 0.
Proof. Let us reason by contradiction, assuming that there is m ∈ Zn−1≥0 , with∑n−1
i=1 mi = m > 0, such that ω0 = −
∑n−1
i=1 midyi/yi. Consider the map
φ : (C2, 0)→ (Cn, 0)
given by z = u and yi = v, for i = 1, 2, . . . , n− 1. Then we have
φ∗η = (−mu+ h(v) + ug(u, v))
dv
v
+ du,
where g(0, 0) = 0 and h(0) = 0. In particular, this singularity is a pre-simple
singularity in dimension two (non-nilpotent linear part) that is not simple, since
we have the resonance 1 · (−m) +m · 1 = 0. These singularities are either dicritical
or they have a hidden saddle-node, [11]. This is the desired contradiction. 
Let us perform the coordinate change z 7→ z∗ as a Krull limit, in the following
way. Assume that the order ν0(ω
′) of the coefficients of ω′ is ν0(ω
′) = m > 0 and
let us write
ω′ = ω¯ + ω′′,
where ν0(ω
′′) > m and the coefficients of ω¯ are homogeneous of degree m. We are
going to show that there is a homogeneous polynomial pm(y) of degree m such that
if z(m) = z − pm(y), then
η = z(m)
{
ω0 + ω˜
(m)
}
+ ω′
(m)
+ dz(m),
with the same structure as in Equation 37 but with ν0(ω
′(m)) > m. Now, we are
done by taking the Krull limit of the z(m). Of course, we obtain a formal invariant
hypersurface z∗ = 0, but we know that all the formal invariant hypersurfaces of
generalized hypersurfaces are in fact convergent ones and thus we are done. Now,
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looking at the y-homogeneous part of degree m in the Frobenius integrability con-
dition η ∧ dη = 0, we have that dω¯ = ω¯ ∧ ω0. Write η in the coordinates y, z(m):
η = z(m)(ω0 + ω˜) + (pmω˜ + ω
′′) + dz(m) + (pmω0 + ω¯ + dpm).
If there is pm such that pmω0 + ω¯ + dpm = 0, then we are done. Let us write
ω¯ =
∑
|m|=m
ymω¯m, dω¯ =
∑
|m|=m
ym
dym
ym
∧ ω¯m,
where the 1-forms ω¯m have constant coefficients. Moreover
ω¯ ∧ ω0 =
∑
|m|=m
ymω¯m ∧ ω0.
Since dω¯ = ω¯ ∧ ω0, we conclude that
{(dym/ym) + ω0} ∧ ω¯m = 0, for all m ∈ Z
n−1
≥0 , with |m| = m.
By Lemma 11, we know that 0 6= dym/ym+ω0. Hence, there are constants cm ∈ C
such that
ω¯m + cm {(dy
m/ym) + ω0} = 0, for all m ∈ Z
n−1
≥0 , with |m| = m.
Taking pm =
∑
|m|=m cmy
m, we obtain that pmω0+ ω¯+ dpm = 0 and we are done.
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